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G\QDPLFDO V\VWHPV ZLWK D FRQWLQXXP




Fduorv Do￿v0Ihuuhu1 Ghsduwphqw ri Hfrqrplfv1Xqlyhuvlw| ri Ylhqqd1Krkhqvwdxihqjdvvh/ <1 4343
Ylhqqd +Dxvwuld,
Hglwru= Lqvwlwxwr Ydohqfldqr gh Lqyhvwljdflrqhv Hfrq￿plfdv/ V1D1
Sulphud Hglfl￿q Deulo 4<<;
LVEQ= ;707;504::308
Ghs￿vlwr Ohjdo= Y0449:04<<;
LYLH zrunlqj0sdshuv r￿hu lq dgydqfh wkh uhvxowv ri hfrqrplf uhvhdufk xqghu zd| lq rughu wr
hqfrxudjh d glvfxvvlrq surfhvv ehiruh vhqglqj wkhp wr vflhqwl￿f mrxuqdov iru wkhlu ￿qdo sxeolfdwlrq1
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Vfkhqn0Krss￿ dqg I1 Yhjd0Uhgrqgr iru khosixo frpphqwv1
-- Xqlyhuvlw| ri Dolfdqwh15
G\QDPLFV V\VWHPV ZLWK D FRQWLQXXP
RI UDQGRPO\ PDWFKHG DJHQWV
Fduorv Do￿v0Ihuuhu
DEVWUDFW
Pdq| prghov srvwxodwh d frqwlqxxp ri djhqwv ri ￿qlwho| pdq| gl￿huhqw w|shv zkr
duh uhshdwhgo| udqgrpo| pdwfkhg lq sdluv wr shuirup fhuwdlq dfwlylwlhv +h1j1sod| d
jdph, zklfk pd| lq wxuq pdnh wkhlu w|shv fkdqjh1 Wkh udqgrp pdwfklqj surfhvv lv
xvxdoo| ohiw xqvshfl￿hg/ dqg vrph Odz ri Odujh Qxpehuv lv lqirupdoo| lqyrnhg wr mxv0
wli| d ghwhuplqlvwlf dssur{lpdwlrq ri wkh uhvxowlqj vwrfkdvwlf v|vwhp1 Qhyhuwkhohvv/ lw
lv zhoo0nqrzq wkdw vxfk ￿odzv ri odujh qxpehuv￿ pd| qrw krog lq wklv iudphzrun1 Wklv
zrun vkrzv wkdw wkhuh h{lvw udqgrp pdwfklqj surfhvvhv ryhu d frqwlqxxp ri djhqwv
vdwlvi|lqj surshuwlhv zklfk duh vx!flhqw wr vlpsoli| wkh dqdo|vlv ri wkh vwrfkdvwlf
v|vwhp1 Pruhryhu/ wkh hyroxwlrq ri wkh srsxodwlrq iuhtxhqflhv ri w|shv lqgxfhg e|
wklv v|vwhp fdq eh ghvfulehg +doprvw vxuho|, wkurxjk d vhw ri ghwhuplqlvwlf htxdwlrqv1
Nh| zrugv= Hyroxwlrq> Udqgrp Pdwfklqj> Odz ri Odujh Qxpehuv> G|qdplfdo
V|vwhpv16
41 Lqwurgxfwlrq
Pdq| prghov erwk lq hfrqrplfv dqg lq elrorj| vwxg| odujh srsxodwlrqv zkhuh lqgl0
ylgxdov ri gl￿huhqw w|shv duh udqgrpo| pdwfkhg lq sdluv1 Lq sduwlfxodu/ lq Hyrox0
wlrqdu| Jdph Wkhru|/ lw lv fxvwrpdu| wr srvwxodwh d ￿odujh￿ srsxodwlrq ri djhqwv/
surjudpphg +￿kdugzluhg￿, wr sod| fhuwdlq sxuh vwudwhjlhv lq d jlyhq ￿qlwh/ v|pphwulf
jdph +vhh h1j1Pd|qdug Vplwk +4<;5, ru Zhlexoo +4<<8,,1 W|shv duh wkhq lghqwl￿hg
zlwk vwudwhjlhv dqg/ wkxv/ wkhuh lv d ￿qlwh wrwdo qxpehu ri w|shv1 Wkh dlp lv suhflvho|
wr vwxg| wkh hyroxwlrq ri wkh iuhtxhqflhv ri wkhvh w|shv lq wkh srsxodwlrq1
Lq wklv iudphzrun/ lqglylgxdov duh uhshdwhgo| udqgrpo| pdwfkhg lq sdluv wr sod|
wkh xqghuo|lqj ￿qlwh jdph/ dqg wkh rxwfrphv ri wkh jdph ghwhuplqh wkh ￿wqhvv ri
wkh gl￿huhqw w|shv ru vwudwhjlhv dqg krz wkhlu iuhtxhqflhv fkdqjh diwhu hdfk dfwxdo
pdwfklqj1 Wkh suhflvh uhodwlrqvkls ehwzhhq wkh dfwxdo sod| ri wkh jdph dqg wkh
hyroxwlrq ri wkh iuhtxhqflhv ri w|shv lq wkh srsxodwlrq ghshqgv rq wkh vshfl￿f prgho
frqvlghuhg1 Iru h{dpsoh/ wkh zhoo0nqrzq Uhsolfdwru G|qdplfv lv rewdlqhg e| srv0
wxodwlqj wkh fkdqjh lq srsxodwlrq iuhtxhqflhv wr eh sursruwlrqdo wr wkh gl￿huhqfhv
ehwzhhq dyhudjh sd|r￿v iru hdfk w|sh dqg wkh srsxodwlrq dyhudjh sd|r￿1
Wkh irfxv ri rxu zrun lv qrw dq| vshfl￿f prgho/ exw udwkhu wkh surshuwlhv ri
wkh udqgrp pdwfklqj vfkhphv zklfk duh lpsolflwo| xvhg lq pdq| srsxodwlrq prghov1
Udqgrp pdwfklqj fuhdwhv d yhu| frpsolfdwhg vwrfkdvwlf v|vwhp1 Exw/ dvvxplqj wkdw
wkh srsxodwlrq lv odujh hqrxjk wr pdnh lqglylgxdo xqfhuwdlqw| qhjoljleoh dqg wkdw wkh
qxpehu ri w|shv lv ￿qlwh/ rqh krshv wr vxppdul}h wkh hyroxwlrq ri wkh v|vwhp e| d
￿qlwh qxpehu ri ghwhuplqlvwlf htxdwlrqv1 Lq rughu wr gr vr/ wkh udqgrp pdwfklqj
surfhvv lv xvxdoo| ohiw xqvshfl￿hg/ dqg wkhq lw lv fodlphg wkdw/ e| yluwxh ri vrph Odz
ri Odujh Qxpehuv/ wkh v|vwhp fdq eh vwxglhg wkurxjk d ghwhuplqlvwlf dssur{lpdwlrq
zkhuh wkh iuhtxhqflhv ri gl￿huhqw pdwfkhv duh lghqwl￿hg zlwk wkhlu fruuhvsrqglqj
h{shfwdwlrqv1
Pruh uljrurxvo|/ lw lv dvvxphg wkdw wkh sursruwlrq ri pdwfkhv ehwzhhq djhqwv ri
wzr jlyhq w|shv lv htxdo wr +wzlfh, wkh surgxfw ri wkh sursruwlrqv ri djhqwv ri wkrvh
w|shv1 Wr looxvwudwh wklv dvvxpswlrq/ frqvlghu wkh iroorzlqj h{dpsoh= dvvxph d odujh
srsxodwlrq ri lqglylgxdov ri wzr w|shv/ 4 dqg 5/ dqg ghqrwh e| % wkh iuhtxhqf| ri
lqglylgxdov ri w|sh 41 Zkdw lv xvxdoo| dvvxphg lv wkdw wkh udqgrp pdwfklqj vfkhph lv
vxfk wkdw wkh iuhtxhqf| ri pdwfkhv ehwzhhq wzr lqglylgxdov ri w|sh 4 lv %2> ehwzhhq
wzr lqglylgxdov ri w|sh 5 lv E￿ ￿ %￿
2> dqg ehwzhhq lqglylgxdov ri gl￿huhqw w|shv lv
2%E￿ ￿%￿1
Dqrwkhu nh| dvvxpswlrq lv wkdw doo lqglylgxdov idfh wkh vdph glvwulexwlrq ryhu
srvvleoh sduwqhuv/ wkdw lv/ wkh udqgrp pdwfklqj surfhvv h{klelwv vrph ￿xqliruplw|￿1
Pruh frqfuhwho|/ lw lv dvvxphg wkdw wkh suredelolw| zlwk zklfk d jlyhq djhqw lv
pdwfkhg zlwk vrph djhqw ri d jlyhq w|sh htxdov wkh iuhtxhqf| ri djhqwv ri wkdw
w|sh lq wkh srsxodwlrq1 Iru lqvwdqfh/ li wkh djhqwv duh pdwfkhg wr sod| dq xqghuo|lqj7
jdph/ wklv lv riwhq fuxfldoo| xvhg wr lghqwli| sd|r￿v zlwk h{shfwhg sd|r￿v1
Ghvslwh wkhlu zlghvsuhdg xvh/ uljrurxvo| vwdwlqj dqg mxvwli|lqj wkhvh dvvxpswlrqv
hqwdlov vhyhuh gl!fxowlhv1 Wkh dlp ri wklv sdshu lv suhflvho| wr xqghuwdnh wkh dqdo|vlv
ri wkhlu ihdvlelolw| dqg lpsolfdwlrqv lq wkh fdvh ri d frqwlqxxp srsxodwlrq1
Zk| d frqwlqxxpB Wkh ￿uvw gl!fxow| zklfk dsshduv lq udqgrp pdwfklqj prghov
lv zkdw lv wkh suhflvh phdqlqj ri d ￿odujh hqrxjk￿ srsxodwlrq1 Wkhuh duh dw ohdvw
wkuhh srvvleoh dqvzhuv wr wklv txhvwlrq/ zklfk fuhdwh wkuhh gl￿huhqw dssurdfkhv wr
srsxodwlrq prghov= ￿qlwh/ frxqwdeo| lq￿qlwh/ ru d frqwlqxxp1
Wkh ￿uvw dqvzhu lv ￿odujh/ exw ￿qlwh￿1 Reylrxvo|/ wkhuh lv qr sureohp wr frqvwuxfw
udqgrp pdwfklqj vfkhphv iru ￿qlwh srsxodwlrqv/ exw wkhq qr ￿Odz ri Odujh Qxpehuv￿
dssolhv1 Wkh irfxv lv wkhq wr vwxg| wkh olplw ehkdylru ri wkh v|vwhp dv wkh srsxodwlrq
jurzv wr lq￿qlw|1 Er|odq +4<<8, uljrurxvo| vwxglhv wkh lpsolfdwlrqv ri wklv dssurdfk1
Wkh pdlq fulwlflvp wr wklv surfhgxuh lv wkdw/ w|slfdoo|/ wkhuh lv qr olplw phdvxuh vsdfh
ri djhqwv rq zklfk wr gh￿qh d olplw vwrfkdvwlf surfhvv1
Qhyhuwkhohvv/ lq wkh hyroxwlrqdu| olwhudwxuh/ srsxodwlrq lv riwhq h{solflwo| dvvxphg
wr eh lq￿qlwh iurp wkh yhu| ehjlqqlqj/ lq dq dwwhpsw wr lpsolflwo| xvh vrph Odz ri
Odujh Qxpehuv wr wudqvirup wkh lqglylgxdo xqfhuwdlqw| fuhdwhg e| udqgrp pdwfk0
lqj lqwr djjuhjdwh fhuwdlqw|1 Exw yhu| uduho| lv dq|wklqj pruh vshfl￿hg derxw wkh
fduglqdolw| ri wkh srsxodwlrq/ dowkrxjk lw vhhpv fohdu wkdw wkhuh frxog eh txdolwdwlyh
gl￿huhqfhv ehwzhhq d frxqwdeo| lq￿qlwh srsxodwlrq dqg dq xqfrxqwdeoh rqh1
Iru frxqwdeo| lq￿qlwh srsxodwlrqv/ Er|odq +4<<5, vkrzv wkdw wkhuh grhv qrw h{lvw
dq| udqgrp pdwfklqj surfhvv vdwlvi|lqj d olvw ri dssduhqwo| lqqrfxrxv surshuwlhv/
dprqj wkhp lqghshqghqfh ri wkh surfhvv iurp wkh vshfl￿f w|shv ri djhqwv dqg whqwd0
wlyh irupxodwlrqv ri vrph Odz ri Odujh Qxpehuv1 Krzhyhu/ Er|odq dovr vkrzv wkdw lw
lv srvvleoh wr frqvwuxfw udqgrp pdwfklqj surfhvvhv wkdw yhuli| vrph plqlpdo surshu0
wlhv zklfk duh hqrxjk wr mxvwli| wkh xvxdo fodlpv derxw udqgrp pdwfklqj/ dqdorjrxv
wr wkh wzr dvvxpswlrqv glvfxvvhg deryh1 Wklv frqvwuxfwlrq uholhv rq wkh xvh ri Nro0
prjrury*v Vwurqj Odz ri Odujh Qxpehuv/ zklfk dssolhv ehfdxvh wkh srsxodwlrq lv
frxqwdeoh/ dqg ghshqgv rq wkh vshfl￿f dvvljqphqw ri w|shv lq wkh srsxodwlrq1 Pruh0
ryhu/ Er|odq suryhv wkdw wklv ghshqghqfh rq wkh dvvljqphqw ri w|shv lv xqdyrlgdeoh
zkhq wkh srsxodwlrq lv frxqwdeo| lq￿qlwh1
Jloerd dqg Pdwvxl +4<<5, frqvwuxfw d prgho ri udqgrp pdwfklqj iru frxqwdeo|
lq￿qlwh srsxodwlrqv xvlqj ￿qlwho| dgglwlyh phdvxuhv1 Wkh udqgrp pdwfklqj vfkhph
ri wklv prgho grhv qrw ghshqg rq wkh dvvljqphqw ri w|shv/ dqg doo lqglylgxdov idfh wkh
vdph glvwulexwlrq ryhu srvvleoh sduwqhuv1 Qhyhuwkhohvv/ wkh phdvxuh vsdfh idlov wr eh
ixoo| vljpd0dgglwlyh/ dqg vljpd0dgglwlylw| vhhpv qhfhvvdu| wr hvwdeolvk wkh surshuwlhv
jxdudqwhhg e| Er|odq +pruh frqfuhwho|/ wkh surshuwlhv zklfk zrxog doorz wr lghqwli|
wkh iuhtxhqflhv ri gl￿huhqw pdwfkhv zlwk wkhlu fruuhvsrqglqj h{shfwdwlrqv,1
Pdq| udqgrp pdwfklqj prghov/ wkrxjk/ gr qrw frqvlghu wkh srsxodwlrq wr eh
frxqwdeoh/ exw udwkhu dvvxph d frqwlqxxp ri lqglylgxdov1 Dprqj wkhp duh Pdwvxl8
dqg Pdwvx|dpd +4<<8, ru Kduulqjwrq +4<<:,/ dv h{dpsohv lq wkh hyroxwlrqdu| olwhu0
dwxuh/ exw dovr vrph prghov lq rwkhu eudqfkhv ri hfrqrplfv/ h1j1Shwhuv +4<<4/ 4<<:,
dqg PfOhqqdq dqg Vrqqhqvfkhlq +4<<4, lq frqwlqxxp hfrqrplhv14
Wkh dgydqwdjhv ri d frqwlqxxp srsxodwlrq duh wzrirog1 Rq wkh rqh kdqg/ lw frxog
eh dujxhg wkdw lw surylghv wkh ehvw lghdol}dwlrq iru vlwxdwlrqv zkhuh lqglylgxdov duh
wkrxjkw wr eh lqvljql￿fdqw zlwk uhvshfw wr wkh srsxodwlrq +h1j1/ li wkh lqglylgxdov
shufhlyh wkh vlwxdwlrq dv li wkh srsxodwlrq zhuh lq￿qlwh,/ ru xqlirup glvwulexwlrqv duh
fdoohg iru1 Rqh ri wkh ￿uvw sureohpv ri udqgrp pdwfklqj zlwk d frxqwdeo| lq￿qlwh
srsxodwlrq lv wkdw lqglylgxdov fdqqrw idfh xqlirup pdujlqdo glvwulexwlrqv ryhu sduw0
qhuv/ l1h1qrw doo wkh rwkhu lqglylgxdov fdq eh htxlsuredeoh dv sduwqhuv1 Wklv lv gxh wr
wkh lqh{lvwhqfh ri xqlirup glvwulexwlrqv ryhu d frxqwdeo| lq￿qlwh qxpehu ri hyhqwv1
Zlwk d frqwlqxxp ri lqglylgxdov/ wklv gl!fxow| grhv qrw h{lvw/ dqg lw zloo eh vkrzq
wkdw surshuwlhv zklfk fdq qhyhu eh vdwlv￿hg zlwk d frxqwdeoh srsxodwlrq krog lq wkh
fdvh ri d frqwlqxxp1
Rq wkh rwkhu kdqg/ wkhuh lv wkh lvvxh ri dqdo|wlfdo wudfwdelolw|1 Wkh whfkqlfdo wrrov
qhhghg wr vwxg| d frqwlqxxp srsxodwlrq duh wkrvh ri phdvxuh wkhru|/ zklfk duh ￿upo|
hvwdeolvkhg lq wkh hfrqrplf olwhudwxuh1 H1j1/ wkh iuhtxhqf| ri lqglylgxdov ri d jlyhq
w|sh lq d frqwlqxxp srsxodwlrq lv mxvw lwv Ohehvjxh phdvxuh/ zkloh lq d frxqwdeo|
lq￿qlwh rqh/ lw zrxog fdoo iru wkh xvh ri Fhvdur dyhudjhv/ l1h1olplwv ri dyhudjhv ryhu
￿qlwh iudfwlrqv ri wkh srsxodwlrq1
Lq dq| fdvh/ lw frxog eh dujxhg wkdw wkh lpsruwdqfh ri wkh frqwlqxxp lghdol}dwlrq
iru hfrqrplf wkhru| lv qrzdgd|v vx!flhqwo| mxvwl￿hg e| wkh h{lvwhqfh ri prghov wkdw
h{solflwo| pdnh xvh ri udqgrp pdwfklqj vfkhphv iru frqwlqxxp srsxodwlrqv/ dv wkrvh
flwhg ehiruh1 Qhyhuwkhohvv/ uljrurxv dqdo|vlv ri lwv lpsolfdwlrqv kdv qrw |hw ehhq
xqghuwdnhq1
Xqiruwxqdwho|/ wklv dqdo|vlv kdv ehhq pruh ru ohvv lpsolflwo| frqvlghuhg krshohvv/
gxh wr wkh zhoo0nqrzq sureohpv wkdw dulvh zlwk d frqwlqxxp ri udqgrp yduldeohv/ dv
looxvwudwhg e| Mxgg +4<;8,1 Lq idfw/ Ihogpdq dqg Jloohv +4<;8, suryhg wkdw wkhuh lv
vlpso| qr Odz ri Odujh Qxpehuv iru d frqwlqxxp ri udqgrp yduldeohv1 Lq sduwlfx0
odu/ zlwk d frqwlqxxp srsxodwlrq/ Er|odq*v frqvwuxfwlrq zrxog idlo zkhuh lw lqyrnhv
Nroprjrury*v Odz1
Ghvslwh wkhvh gl!fxowlhv/ wklv sdshu suryhv wkdw lw lv srvvleoh wr frqvwuxfw udqgrp
pdwfklqj surfhvvhv iru d frqwlqxxp ri djhqwv vdwlvi|lqj d qxpehu ri surshuwlhv zklfk
vx!fh wr mxvwli| wkh fodlpv ri pdq| udqgrp pdwfklqj prghov/ hyhq wkrxjk qr jhqhudo
Odz ri Odujh Qxpehuv krogv1 Wkrvh prghov fdq wkhq eh mxvwl￿hg/ dowkrxjk qrw e|
wkh xvxdoo| phqwlrqhg dujxphqwv +l1h1￿Odz ri Odujh Qxpehuv￿,1
4Vrph ri wkhvh prghov/ krzhyhu/ ghsduw iurp wkh edvlf udqgrp pdwfklqj dvvxpswlrqv1 Wkh
prghov e| Shwhuv/ h1j1/ dvvxph udqgrp pdwfklqj ehwzhhq d srsxodwlrq ri vhoohuv dqg d srsxodwlrq
ri ex|huv ri gl￿huhqw phdvxuhv19
Lw lv dovr vkrzq wkdw/ dqdorjrxvo| wr Er|odq*v uhvxowv/ vxfk udqgrp pdwfklqj
surfhvvhv kdyh qhfhvvdulo| wr ghshqg rq wkh vshfl￿f dvvljqphqw ri w|shv lq wkh srs0
xodwlrq1
Wkh odvw sduw ri wkh sdshu fkdudfwhul}hv wkh hyroxwlrq ri wkh srsxodwlrq iuhtxhqflhv
ri w|shv lq g|qdplfdo v|vwhpv zlwk uhshdwhg udqgrp pdwfklqj/ dqg vkrzv wkdw wkhvh
v|vwhpv fdq eh ghvfulehg wkurxjk d ￿qlwh vhw ri ghwhuplqlvwlf htxdwlrqv/ zklfk lv
suhflvho| rqh ri wkh edvlf lpsolflw dvvxpswlrqv lq Hyroxwlrqdu| Jdph Wkhru|1
51 Qrwdwlrq
Zh frqvlghu d frqwlqxxp ri djhqwv1 Zlwkrxw orvv ri jhqhudolw|/ ohw xv wdnh wkh kdoi0
rshq lqwhuydo Efc￿o wr eh wkh vhw ri djhqwv15 Ohw dovr E eh wkh Eruho j0dojheud rq
Efc￿o/ dqg > wkh Ohehvjxh phdvxuh1 Wkhq/ wkh vsdfh ri djhqwv zloo eh wkh phdvxuh
vsdfh EEfc￿ocEc>￿￿
Ohw 7 ’ ir￿c￿￿￿cr 6jc6￿ 2c eh wkh vhw ri srvvleoh w|shv ri djhqwv/ dvvxphg wr
eh ￿qlwh1 Iru qrwdwlrqdo frqyhqlhqfh/ dqg iroorzlqj wkh qrwdwlrq ri Er|odq +4<<5,/







Dq dvvljqphqw ri w|shv lv d ixqfwlrq k GE f c￿o $ 7/ pdsslqj hdfk djhqw ￿ wr
lwv w|sh kE￿￿/ vxfk wkdw wkh vhwv ri djhqwv ri d jlyhq w|sh duh phdvxudeoh dqg kdyh
srvlwlyh phdvxuh/ l1h1/ UoEk￿’k3￿ Ero￿’i￿ 5 Efc￿o *k E￿￿’roj5E dqg ￿o ’
>EUoEk￿￿ : f ; o ’￿ c￿￿￿c6￿
Ghqrwh e| koE￿￿ wkh o0wk frruglqdwh ri wkh yhfwru kE￿￿/ vr wkdw koE￿￿’￿li dqg
rqo| li djhqw ￿ lv ri w|sh ro￿






lv d suredelolw| vsdfh vxfk wkdw k lv d phdvxudeoh ixqfwlrq1
Zh duh lqwhuhvwhg lq frqvwuxfwlqj udqgrp pdwfklqj vfkhphv/ l1h1suredelolw| vsdfhv
ryhu pdwfklqjv1 D pdwfklqj lv d zd| wr dvvljq wr hdfk djhqw lq wkh srsxodwlrq d
sduwqhu lq vxfk d zd| wkdw doo djhqwv kdyh d sduwqhu/ wkh sduwqhu ri wkh sduwqhu ri dq
djhqw lv wkh djhqw klpvhoi/ dqg qr djhqw lv klv rzq sduwqhu1 Lq vxppdu|=
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Gh￿qlwlrq 51 D udqgrp pdwfklqj vfkhph lv d suredelolw| vsdfh E
S
cIc￿￿ zkhuh I
lv d j0dojheud rq
S
dqg ￿ lv d frxqwdeo| dgglwlyh suredelolw| phdvxuh1
5Wkh vhw ri djhqwv lv wdnhq wr eh wkh kdoi0rshq xqlw lqwhuydo iru qrwdwlrqdo dqg lqwhusuhwdwlyh
frqyhqlhqfh +lv hdv| wr wklqn ri wklv lqwhuydo dv d flufxpihuhqfh,/ exw wkh dqdo|vlv frxog eh hdvlo|
dgdswhg wr wkh forvhg ru rshq lqwhuydo1 Dovr/ Ohehvjxh phdvxuh lv xvhg iru wkh vdnh ri fodulw|/ exw
dq| qrqdwrplf phdvxuh frxog eh xvhg lqvwhdg1:
Wkh iroorzlqj lv d olvw ri surshuwlhv zklfk duh xvxdoo| dvvxphg lq wkh olwhudwxuh/
hlwkhu h{solflwo| ru lpsolflwo|1 Qrwh wkdw vhyhudo ri wkhp ghshqg rq k￿
￿ ￿Plqlpdo￿ Surshuwlhv=
S4 +Phdvxuh Suhvhuydwlrq,= >EjE.￿￿ ’ >E.￿ ; . 5 Ec￿ 0doprvw vxuho|1
S5 +W|shv* Sursruwlrqdo Odz,= ; ￿ 5 Efc￿oc ; ro 5 7c ￿EkEjE￿￿￿ ’ ro￿’￿o1
S6 +W|shv* Odz ri Odujh Qxpehuv,=; rocr ￿ 5 7c
U
Efc￿o koE￿￿k￿EjE￿￿￿_> ’ ￿o￿￿ ￿0
doprvw vxuho|1
￿ ￿Jhqhudo￿ Surshuwlhv=
S7 +Jhqhudo Sursruwlrqdo Odz,= ; ￿ 5 Efc￿oc ; . 5 Ec￿ EjE￿￿ 5 .￿’>E.￿1
S8 +Vwurqj Odz ri Odujh Qxpehuv,= >E.￿ _ jE.2￿￿ ’ >E.￿￿>E.2￿ ; .￿c. 2 5 E
￿0doprvw vxuho|1
Wkh ￿uvw wkuhh surshuwlhv duh wkh plqlpdo uhtxluhphqwv wkdw d udqgrp pdwfklqj
vfkhph vkrxog yhuli|/ lq rughu iru wkh xvxdo fodlpv lq wkh olwhudwxuh wr krog1 Wkh ￿uvw
rqh vlpso| vwdwhv wkdw wkh phdvxuh ri d jlyhq Eruho vhw ri djhqwv vkrxog frlqflgh +do0
prvw vxuho|, zlwk wkh phdvxuh ri wkh vhw ri djhqwv zkr duh pdwfkhg zlwk wkhp1 Pruh
frqfuhwho|/ S4 vd|v wkdw wkh phdvxuh ri wkh pdwfklqjv wkdw duh phdvxuh0suhvhuylqj/
l1h1wkdw yhuli| wklv surshuw| iru doo Eruho vhwv/ lv htxdo wr rqh1 Wklv lv qhfhvvdu| eh0
fdxvh/ rwkhuzlvh/ lw zrxog eh srvvleoh wr frqvwuxfw pdwfklqjv dv elmhfwlrqv ehwzhhq












Wkh vhfrqg phdqv wkdw wkh suredelolw| zlwk zklfk d jlyhq djhqw lv pdwfkhg zlwk
vrph djhqw ri d vshfl￿f w|sh vkrxog frlqflgh zlwk wkh phdvxuh ri djhqwv ri wkdw w|sh
lq wkh srsxodwlrq1 Wklv surshuw| lv jhqhudoo| dvvxphg wr krog dv d frqvhtxhqfh ri
vrph xqliruplw| lq wkh pdwfklqj surfhvv/ dqg lv qhfhvvdu| h1j1wr olqn wkh iuhtxhqflhv
ri w|shv wr wkh h{shfwhg sd|r￿v ri d jlyhq djhqw1
Wkh wklug surshuw| vwdwhv wkdw wkh sursruwlrq ri pdwfkhv ehwzhhq djhqwv ri wzr
vshfl￿f w|shv lv +doprvw vxuho|, wkh surgxfw ri wkh sursruwlrqv ri djhqwv ri erwk
w|shv +d ￿5￿ lv plvvlqj ehfdxvh wkh h{suhvvlrq lv dv|pphwulf lq w|shv,1 Wklv lv wkh
nh| surshuw| wr zulwh grzq wkh ghwhuplqlvwlf htxdwlrqv zklfk +krshixoo|, vxppdul}h
wkh hyroxwlrq ri srsxodwlrq iuhtxhqflhv lq d jlyhq prgho/ rqfh wklv prgho vshfl￿hv krz
hdfk srvvleoh pdwfk d￿hfwv wkh w|shv ri wkh lqyroyhg lqglylgxdov +ru lwv ghvfhqgdqwv/
lq d pruh hyroxwlrqdu| lqwhusuhwdwlrq,1;
S7 lv riwhq lqirupdoo| vwdwhg e| vd|lqj wkdw doo djhqwv idfh wkh vdph pdujlqdo
glvwulexwlrq ryhu srvvleoh sduwqhuv/ dqg wkhvh glvwulexwlrqv duh xqlirup1 Lw lv wkh
irupdol}dwlrq ri wkh vhqwhqfh ￿djhqwv duh udqgrpo| xqlirupo| pdwfkhg￿1
S8 lv wdnhq iurp PfOhqqdq ) Vrqqhqvfkhlq +4<<4/ s1473<, dv wkh whqwdwlyh iru0
pxodwlrq ri d Odz ri Odujh Qxpehuv iru wklv iudphzrun/ dqg vwdwhv wkdw doprvw doo
wkh pdwfklqjv kdyh wkh iroorzlqj surshuw|= wkh phdvxuh ri wkh djhqwv lq d jlyhq Eruho
vhw zkr duh pdwfkhg zlwk djhqwv lq dqrwkhu Eruho vhw lv wkh surgxfw ri wkh phdvxuhv
ri wkh wzr vhwv +vhh Dsshqgl{ 5 iru vrph dgglwlrqdo glvfxvvlrq rq wklv surshuw|,1
Reylrxvo|/ S7 lpsolhv S5 dqg S8 lpsolhv S61 Vrphwlphv/ S7 dqg S8 duh vhhq dv
mxvwl￿fdwlrqv iru S5 dqg S6/ dqg duh dvvxphg wr eh lq wxuq mxvwl￿hg e| vrph Odz ri
Odujh Qxpehuv1 Lq idfw/ wkh nh| surshuwlhv iru pdq| udqgrp pdwfklqj prghov duh
mxvw S5 dqg S61
61 Qhjdwlyh Uhvxowv
Wkh iroorzlqj sursrvlwlrq suryhv wkdw wkhuh lv qr krsh ri frqvwuxfwlqj d udqgrp
pdwfklqj vfkhph vdwlvi|lqj wkh pruh jhqhudo Odz ri Odujh Qxpehuv/ vr dwwhqwlrq
vkrxog eh uhvwulfwhg wr wkh ￿plqlpdo￿ surshuwlhv1 Lq sduwlfxodu/ lw vkrzv wkdw/ jlyhq
S4/ wkhq S8 lv lpsrvvleoh wr eh ixo￿oohg1 Wklv sursrvlwlrq lv wdnhq dqg dgdswhg iurp
PfOhqqdq dqg Vrqqhqvfkhlq +4<<4,/ dqg wkh surri lv lqfoxghg rqo| iru frpsohwhqhvv=
dowkrxjk lw lv srvvleoh wr surylgh rwkhu surriv ri wkh vdph idfw/ wklv rqh kdv wkh yluwxh
ri olqnlqj wkh lpsrvvlelolw| uhvxow gluhfwo| wr wkh sureohpv looxvwudwhg e| Ihogpdq )
Jloohv +4<;8,1
Sursrvlwlrq 41 +PfOhqqdq ) Vrqqhqvfkhlq/ 4<<4, Wkhuh h{lvwv qr udqgrp pdwfk0
lqj vfkhph vdwlvi|lqj S4 dqg S81
Surri1 Vxssrvh E
S
cIc￿￿ lv d udqgrp pdwfklqj vfkhph vdwlvi|lqj S4 dqg
S81 E| S8/ zh fdq fkrrvh d pdwfklqj j 5
S
vxfk wkdw ; .￿c.2 5 Ec> E.￿ _
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Iluvw htxdolw|= gh￿qlwlrq ri f> vhfrqg= j2 lv wkh lghqwlw|> wklug= S8> irxuwk= S41<
Exw vxfk d ixqfwlrq f fdqqrw h{lvw e| Sursrvlwlrq 4 lq Ihogpdq dqg Jloohv
+4<;8,
Wklv sursrvlwlrq vkrzv/ qrw rqo| wkdw S4 dqg S8 duh lqfrpsdwleoh/ exw dovr wkdw
wkhuh grhv qrw h{lvw dq| pdwfklqj vdwlvi|lqj vlpxowdqhrxvo| wkh surshuwlhv ghvfulehg
lq S4 dqg S81 Fohduo|/ wkhuh lv qr krsh ri frqvwuxfwlqj udqgrp pdwfklqj vfkhphv
vdwlvi|lqj S81
Rqh ixuwkhu xvhixo surshuw| zrxog eh wkdw wkh udqgrp pdwfklqj vfkhph grhv qrw
ghshqg rq wkh djhqwv* w|shv/ wkdw lv/ wkdw wkh vdph udqgrp pdwfklqj vfkhph frxog
eh xvhg iru gl￿huhqw dvvljqphqwv ri w|shv dqg vwloo vdwlvi| vrph ri wkrvh plqlpdo
surshuwlhv wkh vwdwhphqw ri zklfk ghshqgv rq wkh djhqwv* w|shv/ h1j1S5 dqg S61 Wkh
iroorzlqj fruroodu| vkrzv wkdw wklv lv qrw srvvleoh1 Frqfuhwho|/ li d udqgrp pdwfklqj
vfkhph vdwlv￿hv S4 dqg S6/ wkhq/ qhfhvvdulo|/ lw kdv wr ghshqg rq wkh dvvljqphqw ri
w|shv/ k￿ Wklv frqfoxvlrq lv vlplodu wr wkdw ri Er|odq +4<<5, iru frxqwdeo| lq￿qlwh
srsxodwlrqv/ dowkrxjk wkh uhdvrqv duh gl￿huhqw1
Wkh pdlq dujxphqw ri wkh surri lv vlpsoh1 Li zh uhtxluh d udqgrp pdwfklqj vfkhph
qrw gr ghshqg rq wkh dvvljqphqw ri w|shv/ wkhq vdwlvi|lqj S6 zrxog phdq wkdw S6
vkrxog krog iru dq| dvvljqphqw ri w|shv1 Wkhq/ jlyhq wzr duelwudu| Eruho vxevhwv ri
wkh vsdfh ri djhqwv/ zh fdq frqvwuxfw dq dvvljqphqw ri w|shv vxfk wkdw wkh vwdwhphqw
ri S6 lv htxlydohqw wr wkh vwdwhphqw ri S8 iru wkhvh wzr vshfl￿f vxevhwv1 Vlqfh wklv
lv srvvleoh iru dq| duelwudu| sdlu ri Eruho vxevhwv/ zh vhh wkdw S6 dqg lqghshqghqfh
ri wkh dvvljqphqw ri w|shv zrxog lpso| S81 Wklv wudfhv edfn wkh lpsrvvlelolw| wr
wkh suhfhglqj sursrvlwlrq/ dqg/ wkxv/ wr wkh edvlf lpsrvvlelolw| uhvxow ri Ihogpdq )
Jloohv +4<;8,1
Fruroodu| 51 Wkhuh h{lvwv qr udqgrp pdwfklqj vfkhph vdwlvi|lqj S4 dqg S6 zklfk
grhv qrw ghshqg rq wkh dvvljqphqw ri w|shv +l1h1/ zklfk vdwlv￿hv S6 iru doo srvvleoh
k￿1
Surri1 Vxssrvh ￿uvw wkdw wkhuh duh dw ohdvw wkuhh w|shv1 Dvvxph/ iru wkh vdnh
ri frqwudglfwlrq/ wkdw vxfk d udqgrp pdwfklqj vfkhph h{lvwv1 Wkhq/ lq ylhz ri wkh
deryh sursrvlwlrq/ lw vx!fhv wr vkrz wkdw lw zloo dovr vdwlvi| S81
Iluvw/ zh hvwdeolvk S8 ; .￿c.2 5 E *. ￿ _ .2 ’ > G Gh￿qh k GE f c￿o $ 7 vxfk
wkdw kE￿￿’r￿ ; ￿ 5 .￿ck E￿￿’r2 ; ￿ 5 .2ck E￿￿’r￿ ; ￿* 5 .￿ ^ .2￿ Ohw ￿￿ eh wkh
fkdudfwhulvwlf ixqfwlrq ri d vhw ￿1 Wkhq/ iru doprvw doo jc







k￿E￿￿k2EjE￿￿￿_> ’ ￿￿￿2 ’ >E.￿￿>E.2￿43
Vhfrqg/ ohw .￿c. 2 5 E *. ￿ _ .2 9’ >1 Ghfrpsrvh .￿ ’ E.￿ _ .2￿ ^ E.￿q.2￿￿
Wkhq/
>E.￿ _ jE.2￿￿ ’ >EdE.￿ _ .2￿ _ jE.2￿o^ dE.￿q.2￿ _ jE.2￿o￿ ’
’ >E.2￿d>E.￿ _ .2￿n>E.￿q.2￿o ’ >E.￿￿>E.2￿
zklfk frpsohwhv wkh surri zkhq wkhuh duh dw ohdvw wkuhh gl￿huhqw w|shv1
Li wkhuh duh rqo| wzr w|shv/ lw zrxog vx!fh wr vkrz wkdw/ li d udqgrp pdwfklqj
vfkhph vdwlvi|lqj S4 dqg S6 iru doo srvvleoh dvvljqphqwv ri wzr w|shv k zrxog h{0
lvw/ wkhq wkh vdph udqgrp pdwfklqj vfkhph zrxog dovr vdwlvi| S6 iru doo srvvleoh
dvvljqphqwv ri wkuhh w|shv q￿
Pruh frqfuhwho|/ ohw E
S
cIc￿￿eh d udqgrp pdwfklqj vfkhph vdwlvi|lqj S4 dqg S6
iru doo srvvleoh dvvljqphqwv ri w|shv k zlwk wzr w|shv1 Qrz/ ohw q eh dq dvvljqphqw
ri w|shv zlwk wkuhh w|shv/ r￿cr 2c dqg r￿/ dqg ohw .o ’ Uo Eq￿￿ Ohw/ iru d jlyhq jc
fo￿ ’ >E.o _ jE.￿￿￿ ￿ ￿o￿￿ ; oc ￿ ’￿ c2c￿
Wkh surri zrxog eh frpsohwh li lw lv vkrzq wkdw fo￿ ’ f ￿￿doprvw vxuho| ; oc ￿ ’
￿c2c￿1I luvw ri doo/ qrwh wkdw/ e| S4/
fo￿ ’ >E.o _ jE.￿￿￿ ￿ ￿o￿￿ ’ >EjE.o _ jE.￿￿￿￿ ￿ ￿￿￿o ’
’ >E.￿ _ jE.o￿￿ ￿ ￿￿￿o ’ f￿o
zlwk suredelolw| rqh1 Lw*v dovr hdv| wr vhh wkdw/ e| S6/
>E.o _ jE.o￿￿ ’ ￿
2
o
dqg wkxv foo ’ f ; o￿ Lq vxppdu|/
f￿￿ ’ f22 ’ f￿￿ ’ f
f￿2 ’ f2￿ ( f￿￿ ’ f￿￿ ( f2￿ ’ f￿2
vr/ doo wkdw uhpdlqv wr eh vkrzq lv wkdw f￿2 ’ f￿￿ ’ f2￿ ’f ￿
Exw qrwlfh wkdw/ jlyhq wkh wkuhh w|shv oc￿c￿/ lw lv srvvleoh wr gh￿qh d qhz dv0
vljqphqw ri w|shv k￿
￿￿ zlwk rqo| wzr w|shv vxfk wkdw k￿
￿￿E￿￿’ro l￿ qE￿￿’ro dqg
k￿
￿￿E￿￿’r￿ rwkhuzlvh1 Wkhq/ S6 krogv iru k￿
￿￿ zlwk suredelolw| rqh/ dqg wkxv/ jlyhq
wkdw wkh vhwv .oc. ￿c. ￿ duh glvmrlqw dqg j lv elmhfwlyh/
>E.o _ jE.￿￿￿ n >E.o _ jE.￿￿￿ ’ >E.o _ jE.￿ ^ .￿￿￿ ’ ￿o E￿￿ n ￿￿￿
zklfk lpsolhv wkdw/ zlwk suredelolw| rqh/
fo￿ n fo￿ ’f ; oc￿ ’￿ c2c￿co9’ ￿44
jlylqj xv wkuhh htxdwlrqv zklfk lpphgldwho| lpso| f￿2 ’ f￿￿ ’ f2￿ ’ fc wkh ghvluhg
frqfoxvlrq1
Wkh odvw fruroodu| suryhv wkdw/ lq rughu wr frqvwuxfw udqgrp pdwfklqj vfkhphv
vdwlvi|lqj dw ohdvw S4/ S5/ dqg S6/ lw lv qhfhvvdu| wr doorz wkhp wr ghshqg rq wkh
dvvljqphqw ri w|shv1 Wklv uhvxow lv vlplodu wr rqh ri Er|odq +4<<5, iru frxqwdeo|
lq￿qlwh srsxodwlrqv1
71 Srvlwlyh Uhvxowv
Er|odq frqvwuxfwv d udqgrp pdwfklqj vfkhph iru frxqwdeo| lq￿qlwh srsxodwlrqv zklfk
ghshqgv rq wkh dvvljqphqw ri w|shv1 Wklv ghshqghqfh fdq eh vxppdul}hg e| wkh
h{lvwhqfh ri d ￿zhljkwhg glh￿/ zlwk w|shv rq lwv idfhv/ vxfk wkdw wkh suredelolw| ri hdfk
w|sh lv qxphulfdoo| htxdo wr wkh sursruwlrq ri djhqwv ri wkdw w|sh lq wkh srsxodwlrq/
dv jlyhq e| wkh dvvljqphqw ri w|shv1
Er|odq*v frqvwuxfwlrq zrunv dv iroorzv1 Djhqwv duh dvvljqhg qdwxudo qxpehuv dqg
wkhq/ wkh| wkurz wkh vdph zhljkwhg glh vhtxhqwldoo|1 Wklv surfhgxuh fdq eh wkrxjkw
ri dv d vhtxhqfh ri l1l1g1glvfuhwh udqgrp yduldeohv/ zklfk yhul￿hv Nroprjrury*v Vwurqj
Odz ri Odujh Qxpehuv +vhh h1j1^4/ Wkhruhp :1515‘,1
Iru hdfk djhqw/ wkh w|sh kh uroov lv uhfrughg1 Li d jlyhq djhqw ri w|sh ro kdv uroohg
dq r￿ dqg wkhuh h{lvwv dq djhqw zlwk dq vwulfwo| orzhu odeho/ zklfk lv ri w|sh r￿ dqg
kdv uroohg dq roc wkhq wkhvh wzr djhqwv duh pdwfkhg1 Li lw grhv qrw h{lvw vxfk d vhfrqg
djhqw/ wkhq wkh ￿uvw zdlwv wr eh pdwfkhg1
Wklv surfhgxuh ghshqgv fuxfldoo| rq wkh idfw wkdw wkh srsxodwlrq lv frxqwdeoh1
Dovr/ doo wkh surshuwlhv ri wkh udqgrp pdwfklqj vfkhphv duh ghulyhg iurp wkh idfw
wkdw Nroprjrury*v Vwurqj Odz ri Odujh Qxpehuv dssolhv wr wkh vhtxhqfh ri glfh
uroov1 Reylrxvo|/ wkhuh lv qr krsh ri dsso|lqj d vlplodu surfhgxuh wr d frqwlqxxp
srsxodwlrq1 Qhyhuwkhohvv/ dv lw lv vkrzq ehorz/ lw lv srvvleoh wr xvh d wrwdoo| gl￿huhqw
dssurdfk zklfk grhv qrw uho| rq dq| Odz ri Odujh Qxpehuv1
Wkh iroorzlqj whfkqlfdo ohppd lv fuxfldoo| xvhg lq wkh surri ri wkh pdlq wkhruhp1
Ohppd 61 Ohw .￿c. 2 5 E *> E.￿￿ ’ >E.2￿ : f￿ Wkhq/ < ) G .￿ $ .2 elmhfwlyh
dqg phdvxudeoh zlwk phdvxudeoh lqyhuvh dqg vxfk wkdw ; ￿ 5 E _ .2c> E)3￿E￿￿￿ ’
>E￿￿￿)lv fdoohg d phdvxuh0suhvhuylqj elmhfwlrq61
Surri1 Vhh Dsshqgl{ 41
Wklv ohppd doorzv xv wr zrun ￿dv li￿ wkh djhqwv frxog eh uhduudqjhg1 H1j1/ dq|
Eruho vhw ri phdvxuh g:f frxog eh ￿fwlwlrxvo| wudqviruphg lq wkh kdoi0rshq lqwhuydo
6Dv fxvwrpdu| lq phdvxuh wkhru|/ E _ H5 ghqrwhv wkh wudfh ￿￿dojheud145
Efcgo iru rxu sxusrvhv/ vlqfh wklv wudqvirupdwlrq fdq eh grqh wkurxjk phdvxuh0
suhvhuylqj elmhfwlrqv1 Pruhryhu/ wkh surri ri wkh ohppd lv frqvwuxfwlyh/ jlylqj xv
￿fdqrqlfdo￿ wudqvirupdwlrqv1
Wkh lghd ri wkh udqgrp pdwfklqj frqvwuxfwlrq zklfk suryhv wkh qh{w wkhruhp lv
vlpsoh1 Wkh ghshqghqfh ri wkh udqgrp pdwfklqj vfkhph iurp wkh dvvljqphqw ri w|shv
lv jrlqj wr eh vxppdul}hg lq wkh h{lvwhqfh ri d ghylfh fdoohg ￿pdunhg flufxpihuhqfh￿/
zklfk lv vrphzkdw dqdorjrxv wr Er|odq*v zhljkwhg glh1 Wklv fdq eh wkrxjkw ri dv d
flufxpihuhqfh ri shulphwhu ￿/ vxfk wkdw/ iru hdfk w|sh roc wkhuh h{lvwv d kdoi0rshq duf
rq wkh flufxpihuhqfh/ h{dfwo| ri ohqjwk ￿o/ zklfk lv odehohg ro￿
Wkh surfhgxuh zrunv dv iroorzv1 Iluvw/ uhduudqjh wkh djhqwv lq wkh srsxodwlrq
wkurxjk Ohppd 6 vr wkdw doo djhqwv ri wkh vdph w|sh duh lq d kdoi0rshq lqwhuydo ri
wkh dssursuldwh phdvxuh +ri frxuvh/ wklv lv qrw uhdoo| grqh/ exw Ohppd 6 doorzv xv
wr wklqn ri wkh surfhgxuh dv li lw zdv,1 Hdfk ri wkhvh lqwhuydov fdq eh frqvlghuhg dv
d flufxpihuhqfh1 Vr/ zh kdyh 6 flufxpihuhqfhv/ rqh iru hdfk w|sh ri djhqwv/ dqg wkh
flufxpihuhqfh iru djhqwv ri w|sh ro lv ri shulphwhu ￿o1
Vhfrqg/ krprwkhwlfdoo| ￿h{sdqg￿ wkhvh flufxpihuhqfhv xqwlo wkhlu shulphwhuv duh
doo ￿c dqg wkhq udqgrpo| uroo wkhp +lv whpswlqj wr wklqn ri wkh surfhgxuh dv ￿wkh
urxohwwh phwkrg￿,1 Sodfh hdfk rqh ri wkhvh flufxpihuhqfhv ryhu wkh pdunhg flufxp0
ihuhqfh1 Hdfk djhqw/ diwhu h{sdqglqj wkh flufxpihuhqfh ri klv w|sh dqg uroolqj lw/ lv
sodfhg ryhu vrph ri wkh odehov ri wkh pdunhg flufxpihuhqfh1 Uhfrug wkh fruuhvsrqglqj
odeho iru hdfk djhqw1
Wklug/ frqvlghu wkh vhw ri djhqwv ri w|sh ro zkr kdyh ehhq sodfhg ryhu orfdwlrqv
odehohg r￿ rq wkh pdunhg flufxpihuhqfh diwhu wkhlu rzq flufxpihuhqfh kdv ehhq uroohg1
Frqyhuvho|/ frqvlghu wkh vhw ri djhqwv ri w|sh r￿ zkr kdyh uroohg dq ro￿ E| frqvwuxf0
wlrq/ lw lv hdv| wr vhh wkdw erwk vhwv kdyh wkh vdph +srvlwlyh, phdvxuh/ vr djhqwv lq
wkhp fdq eh pdwfkhg wkurxjk d phdvxuh0suhvhuylqj elmhfwlrq e| yluwxh ri Ohppd 61
Wkhruhp 71 Iru dq| dvvljqphqw ri w|shv kc wkhuh h{lvwv d udqgrp pdwfklqj vfkhph
vdwlvi|lqj S4/ S5/ dqg S61
Surri1 Ghqrwh wkh hohphqwv ri Efc￿o e| /o +wkh vxelqgh{ lv wr dyrlg frqixvlrq













1 Reylrxvo|/ ~ lv
phdvxudeoh1
Wkh nh| surshuw| ri ~ lv wkdw > ￿ ~3￿ ’ bk +lq idfw/ wkh surri uhpdlqv ydolg iru
dq| phdvxudeoh ixqfwlrq vdwlvi|lqj wklv surshuw|,1
Iru hdfk ro 5 7/ gh￿qh d idplo| ri 70ydoxhg udqgrp yduldeohv if￿ *￿5 UoEk￿j e|
f￿ G Efc￿o $ 7*f ￿E/o￿’
￿
~E)oE￿￿n/o￿ li )oE￿￿n/o ￿ ￿
~E)oE￿￿n/o ￿ ￿￿ li )oE￿￿n/o : ￿46
zkhuh )o ’ )2
o ￿ )￿
oc zlwk )￿
o G UoEk￿ $ Efc￿ oo d phdvxuh0suhvhuylqj elmhfwlrq +zklfk
h{lvwv e| Ohppd 6, dqg )2








zklfk uhsuhvhqwv wkh uhdol}dwlrq ri 6 lqghshqghqw udqgrp yduldeohv zlwk ydoxhv lq
Efc￿o dqg xqlirup glvwulexwlrqv1







Qrwlfh wkdw f lv lqmhfwlyh dv d ixqfwlrq iurp Efc￿o
6 wr 7Efc￿o17
Rxu dlp lv wr frqvwuxfw d pdwfklqj vxfk wkdw hdfk djhqw ￿ ri w|sh ro lv pdwfkhg
zlwk vrph djhqw ri w|sh f￿E/o￿￿ Lq idfw/ zh frxog frqvwuxfw qrz wkh suredelolw| vsdfh ￿
7Efc￿ocPcD
￿
c zlwk P wkh j0dojheud ri 7Efc￿o jhqhudwhg e| fEE6￿c dqg D ’ >6￿f3￿1
Wklv vsdfh uhsuhvhqwv wkh gudz ri d whqwdwlyh dvvljqphqw ri djhqwv wr w|shv/ l1h1/ iru
hdfk djhqw/ wkh w|sh ri lwv ixwxuh sduwqhu lv gudzq1
Gh￿qh/ ; rocr￿ 5 7c ; / 5 Efc￿o
6 c
￿o￿Ekc/￿’i￿ 5 Efc￿o *k E￿￿’rocf ￿E/o￿’r￿j
Vr/ zlwk wkh deryh lqwhusuhwdwlrq iru f￿E/o￿c hdfk vhw ￿o￿Ekc/￿ fdq eh lqwhusuhwhg
dv wkh vhw ri dj h q w vr iw | s hro zkr kdyh wr eh pdwfkhg zlwk djhqwv ri w|sh r￿￿
Ohw xv vkrz vrph surshuwlhv ri wkh udqgrp yduldeohv f￿E/o￿ dqg wkh vhwv ￿o￿Ekc/￿=
41 f￿ lv phdvxudeoh ; ￿ 5 UoEk￿1
Ohw & ’ )oE￿￿￿ Gh￿qh d ixqfwlrq ￿ E&￿GE fc￿o $ Efc￿o vxfk wkdw
￿ E&￿E/o￿ ’
￿
& n /o li & n /o ￿ ￿
& n /o ￿ ￿ li & n /o : ￿
Reylrxvo|/ ￿ E&￿ lv phdvxudeoh1 Qrwh wkdw f￿ ’ ~ ￿ ￿ E&￿￿ Vr/ f￿ lv d frpsr0
vlwlrq ri phdvxudeoh ixqfwlrqv dqg khqfh phdvxudeoh18
7Lq idfw/ i[l+$u,jl5Lu+￿, lv lqmhfwlyh1 Ohw 3 ?$ u ?$ 3
u ￿ 4= Li $3
u ￿ $u ￿ 4 ￿ S4/ wkhq ohw
{ @ S4 ￿ $u li S4 ￿ $u A 3> ru { @ S4 ￿ $u .4li qrw1 Wkhq/ [*￿4+{,+$u,@]+S4,@v4/ dqg
[*￿4+{,+$3
u,@]+S4 .+$3
u ￿ $u,, 9@ v4/ ehfdxvh S4 ?S 4 .+ $3
u ￿$u, ￿ 41
Li $3
u ￿ $u A 4 ￿ S4/ wkhq ohw { @ 4 ￿ $3
u= Wkhq/ [*￿4+{,+$3
u,@]+4, 9@ v4/ dqg [*￿4+{,+$u,@
]+4 ￿ +$3
u ￿$u,, @ v4/ ehfdxvh 3 ? 4 ￿+$3
u ￿ $u, ?S 4=


















51 ; A ￿ 7c; ￿ 5 UoEk￿c ￿hEf￿ 5 A￿’>Ei/o 5 Efc￿o *f ￿E/o￿ 5 Aj￿’bkEA￿￿
Lw lv hqrxjk wr vkrz wklv surshuw| iru wkh hohphqwv ri 7c ehfdxvh wklv vhw lv






’ >E.￿ ; . 5 E1






























61 ; A ￿ 7c; /o 5 Efc￿oc >Ei￿ 5 UoEk￿ *f ￿E/o￿ 5 Aj￿’￿obkEA￿￿
Dv ehiruh/ lw lv hqrxjk wr suryh wkh fodlp iru wkh hohphqwv ri 7￿ Jlyhq ro 5 7/
dqg dq| / 5 Efc￿o
6 vxfk wkdw lwv o0wk frruglqdwh lv /o/z hk d y hw k d w
)o E￿o￿Ekc/￿￿ ’ )o Ei￿ 5 UoEk￿ *f ￿E/o￿’r￿j￿’
’ i& 5 Efc￿o * E~ ￿ ￿ E&￿￿E/o￿’r￿j ’
’
￿
& 5 Efc￿o *￿E&￿E/o￿ 5 ~
3￿ Er￿￿
￿
Qrwlfh wkdw/ e| frqvwuxfwlrq/ ￿ E&￿E/o￿’￿ E/o￿E&￿￿ Wkxv/
>E)o E￿o￿Ekc/￿￿￿ ’ >
￿￿






















dqg/ e| gh￿qlwlrq ri )o/ ￿o￿Ekc/￿ kdv phdvxuh ￿o￿￿ dqg wkh frqfoxvlrq iroorzv1
Zh kdyh douhdg| vkrzq wkdw wkh vhwv ￿o￿Ekc/￿ lqkhulw wkh surshuwlhv ri wkh ydul0
deohv f￿ E/o￿=
41 ￿o￿Ekc/￿ lv phdvxudeoh1
51 ; ￿ 5 UoEk￿c ￿hE￿ 5 ￿o￿Ekc/￿￿ ’ >6 Ei/ 5 Efc￿o
6 *f ￿E/o￿’r￿j￿’
’ >Ei/o 5 Efc￿o *f ￿E/o￿’r￿j￿’bk Eir￿j￿’￿￿￿
61 ; / 5 Efc￿o
6 c >E￿o￿Ekc/￿￿ ’ ￿o￿￿￿
Ohw xv frqvwuxfw qrz wkh pdwfklqj wkdw fruuhvsrqgv wr d jlyhq / 5 Efc￿o
6 ￿
Jlyhq / 5 Efc￿o
6 c ohw )o￿ G ￿o￿Ekc/￿ $ ￿￿oEkc/￿ eh d phdvxuh0suhvhuylqj
elmhfwlrq ; ro 9’ r￿/ zlwk )3￿
￿o ’ )o￿c dqg ohw )oo G ￿ooEkc/￿ $ Efc￿2
o o d phdvxuh0
suhvhuylqj elmhfwlrq ; ro +)o￿c) oo h{lvw e| Ohppd 6/ zklfk fdq eh dssolhg ehfdxvh48
ri wkh surshuwlhv mxvw suryhq,￿ Ohw dovr ￿o G Efc￿2
o o $ Efc￿2























k G Efc￿o $ Efc￿o *j /
kE￿￿’
￿
)o￿E￿￿ li ￿ 5 ￿o￿Ekc/￿cr o 9’ r￿
E)3￿
oo ￿ ￿o ￿ )oo￿E￿￿ li ￿ 5 ￿ooEkc/￿
Reylrxvo|/ j/
k lv d pdwfklqj/ l1h1j/
k 5
S
1 Zh zloo dovr rffdvlrqdoo| ghqrwh j/
k ’
jEkc/￿ iru frqyhqlhqfh1
Wklv surfhgxuh gh￿qhv d pdsslqj jk G Efc￿o
6 $
S
zklfk wxuqv rxw wr eh lqmhf0





k ￿ ’ fE/￿￿ , / ’ /￿ +wkh
odvw lpsolfdwlrq krogv ehfdxvh f lwvhoi lv lqmhfwlyh,1
Ohw
S
k ’ jk EEfc￿o
6￿/ l1h1/ lghqwli| wkh uhdol}dwlrqv ri wkh 6 l1l1g1udqgrp yduldeohv
+dqg/ wkxv/ wkh whqwdwlyh dvvljqphqwv ri lqglylgxdov wr w|shv, zlwk wkh ghvfulehg
pdwfklqjv1
Ohw Ik eh wkh j0dojheud rq
S




kcIkc￿k￿ lv d suredelolw| vsdfh1 Doo zkdw lv ohiw wr gr lv wr h{whqg
wklv wr d suredelolw| vsdfh ryhu wkh ixoo vhw ri pdwfklqjv1










cIc￿￿ lv d suredelolw| vsdfh ryhu wkh ixoo vhw ri pdwfklqjv dqg wkxv d
udqgrp pdwfklqj vfkhph1
Qrz zh qhhg wr yhuli| wkh fodlphg surshuwlhv1
+S4, Lv lpphgldwho| vdwlv￿hg wkdqnv wr wkh idfw wkdw doo pdwfklqjv lq
S
k duh frq0
vwuxfwhg yld phdvxuh0suhvhuylqj elmhfwlrqv1




















6 Ei/ 5 Efc￿o
6 *￿5 ￿o￿ Ekc/￿j￿’
>
6 Ei/ 5 Efc￿o
6 *f ￿E/o￿’r￿j￿’￿￿
vr wkh udqgrp pdwfklqj vfkhph vdwlv￿hv wkh Sursruwlrqdo Odz iru w|shv1
+S6, Jlyhq j ’ j/
k 5
S
k/ dqg jlyhq rocr ￿ 5 7c
]
Efc￿o
koE￿￿k￿EjE￿￿￿_> ’ >Ei￿ 5 Efc￿o *k E￿￿’ro a f￿E/o￿’r￿j￿’












vr wkh udqgrp pdwfklqj vfkhph vdwlv￿hv dovr wkh Odz ri Odujh Qxpehuv iru
w|shv1
H{dpsoh 41 Ohw xv looxvwudwh wkh suhylrxv wkhruhp zlwk dq h{wuhpho| vlpsol￿hg
h{dpsoh1 Dvvxph wkhuh duh rqo| wzr gl￿huhqw w|shv ri djhqwv lq wkh srsxodwlrq/ ￿ dqg
21 Vxssrvh wkdw wkh dvvljqphqw ri w|shv lv sduwlfxoduo| vlpsoh= U￿ Ek￿’E f cf￿Do dqg
U2 Ek￿’E f ￿Dc￿o￿ Wklv zd|/ wkh djhqwv duh douhdg| lq kdoi0rshq lqwhuydov1 Rwkhuzlvh/
wkh ￿uvw vwhs lq Wkhruhp 7 lv suhflvho| wr gh￿qh phdvxuh0suhvhuylqj elmhfwlrqv )￿
o
ehwzhhq wkh vhwv Uo Ek￿ dqg vrph kdoi0rshq lqwhuydov1
Zh qhhg wkh uhdol}dwlrqv ri wzr lqghshqghqwo| xqlirupo| glvwulexwhg udqgrp ydul0
deohv wdnlqj ydoxhv rq Efc￿o￿ Vxssrvh/ wr looxvwudwh wkh surfhgxuh/ wkdw wkhvh uhdo0
l}dwlrqv duh /￿ ’ f￿D dqg /2 ’f ￿21 Iru w|sh ￿/w k l v phdqv wkh iroorzlqj vwhsv duh
xqghuwdnhq1 Iluvw/ h{sdqg U￿ Ek￿ wr wkh lqwhuydo Efc￿o wkurxjk wkh dssolfdwlrq % $ 2%￿
Vhfrqg/ dgg /￿ ’ f￿D wr doo wkh hohphqwv ri wklv lqwhuydo/ prgxor ￿ +l1h1 vxewudfw ￿ li
wkh uhvxow h{fhhgv ￿> wklv fdq eh vhhq dv ￿uroolqj d flufxpihuhqfh￿,1 Wklug/ vxshusrvh
wkh qhz vhw wr wkh pdunhg flufxpihuhqfh/ ru udwkhu wr d kdoi0rshq lqwhuydo Efc￿o vxfk
wkdw doo qxpehuv lq Efcf￿Do duh odehohg ￿￿￿ dqg wkh uhvw duh odehohg ￿2￿1 Wkh ruljlqdo
lqwhuydo Efcf￿2Do ri djhqwv ri w|sh ￿ kdv ehhq vxffhvvlyho| wudqviruphg lq wkh vhwv
Efcf￿Do dqg Ef￿Dc￿o e| wklv surfhgxuh/ vr wkh| duh qrz sodfhg ryhu ￿2￿ odehov1 Wklv
phdqv wkh| zloo eh pdwfkhg zlwk djhqwv ri w|sh 21 Wkh uhvw ri wkh djhqwv ri w|sh
￿ zloo eh pdwfkhg zlwk djhqwv ri w|sh ￿1 Lq wkh qrwdwlrq ri wkh suhylrxv surri/ wklv
phdqv ￿￿￿ EkcEf￿Dcf￿2￿￿ ’ Ef￿2Dcf￿Do dqg ￿￿2 EkcEf￿Dcf￿2￿￿ ’ Efcf￿2Do￿
Dqdorjrxvo|/ lw lv hdv| wr frpsxwh wkh vhwv ri djhqwv ri w|sh 2 zkr zloo eh
pdwfkhg zlwk djhqwv ri w|sh ￿ ru 2/ l1h1 ￿2￿ EkcEf￿Dcf￿2 ￿ ￿’E f ￿Dcf￿SDo ^ Ef￿bc￿o
dqg ￿22 EkcEf￿Dcf￿2 ￿ ￿’E f ￿SDcf￿bo￿
Qrz lw lv wlph wr frqvwuxfw wkh dfwxdo pdwfklqj1 Djhqwv lq ￿￿￿ EkcEf￿Dcf￿2￿￿
kdyh wr eh pdwfkhg dprqj wkhpvhoyhv1 Djdlq/ dv wklv vhw lv douhdg| dq lqwhuydo/
wkh phdvxuh0suhvhuylqj elmhfwlrqv xvhg lq wkh surri wr wudqvirup lw lq dq lqwhuydo duh
vwudljkwiruzdug/ dqg wkh pdwfklqj uhvwulfwhg wr wkh vhw zloo vlpso| suhvfuleh ￿ $
￿ n
￿
2 Ef￿2D￿ ; ￿ 5 Ef￿2Dcf￿￿.Do dqg ylfh yhuvd1 Dovr/ djhqwv lq ￿22 EkcEf￿Dcf￿2￿￿ kdyh
wr eh pdwfkhg dprqj wkhpvhoyhv dffruglqj wr wkh dqdorjrxv pdsslqj1
Djhqwv lq ￿￿2 EkcEf￿Dcf￿2￿￿ kdyh wr eh pdwfkhg wr djhqwv lq ￿2￿ EkcEf￿Dcf￿2￿￿1
Jlyhq wkdw wkh irup ri wkhvh vhwv lv txlwh vlpsoh/ wkh dfwxdo phdvxuh0suhvhuylqj
elmhfwlrqv suhvfulehg e| wkh wkhruhp duh dovr vlpsoh/ prqrwrqlfdoo| pdsslqj Efcf￿2Do
lqwr Ef￿Dcf￿SDo ^ Ef￿bc￿o￿4:
Lq vxppdu|/ wkh dfwxdo pdwfklqj zloo eh=
jE￿￿’
;
A A A A A A A A A A ?
A A A A A A A A A A =
￿ n f￿D li ￿ 5 Efcf￿￿Do
￿ nf ￿.D li ￿ 5 Ef￿￿Dcf￿2Do
￿ nf ￿￿2D li ￿ 5 Ef￿2Dcf￿￿.Do
￿ ￿ f￿￿2D li ￿ 5 Ef￿￿.Dcf￿Do
￿ ￿ f￿D li ￿ 5 Ef￿Dcf￿SDo
￿ nf ￿￿2D li ￿ 5 Ef￿SDcf￿..Do
￿ ￿ f￿￿2D li ￿ 5 Ef￿..Dcf￿bo
￿ ￿ f￿.D li ￿ 5 Ef￿bcf￿￿o













21 Wklv looxvwudwhv S61 Dovr/ kdoi wkh djhqwv ri w|sh ￿ duh pdwfkhg
zlwk djhqwv ri w|sh 2/ zklfk looxvwudwhv S51
81 Xqliruplw| dqg Dqrq|plw| Surshuwlhv
Erwk S7 dqg S5 fdq eh vhhq dv vrph vruw ri xqliruplw| surshuwlhv/ irupdol}lqj wkh
lghd wkdw doo djhqwv vkrxog idfh wkh vdph glvwulexwlrq ryhu srvvleoh sduwqhuv1 Zh
kdyh douhdg| vhhq lq wkh suhylrxv wkhruhp wkdw wkhuh h{lvw udqgrp pdwfklqj vfkhphv
vdwlvi|lqj S5/ zklfk lv lq idfw wkh xqliruplw| surshuw| dfwxdoo| xvhg lq pdq| prghov1
Lw vhhpv wkdw/ dqdorjrxvo| wr S8/ S7 lv d wrr vwurqj surshuw|1
Lv hdv| wr vhh/ iru lqvwdqfh/ wkdw wkh udqgrp pdwfklqj vfkhph frqvwuxfwhg lq
wkh suhylrxv wkhruhp grhv qrw vdwlvi| S71 Ohw )￿
￿ G U￿ Ek￿ $ Efc￿ ￿o wr eh wkh phd0
vxudeoh dqg phdvxuh0suhvhuylqj ixqfwlrq pdsslqj wkh vhw ri djhqwv ri w|sh r￿ lqwr
d kdoi0rshq lqwhuydo ri wkh vdph phdvxuh/ zklfk lv xvhg lq wkh surri ri Wkhruhp
71 Dvvxph f ￿￿ ￿ ￿
￿

















￿ Dffruglqj wr Wkhruhp 7/ wkh vhw ri djhqwv ri
w|sh r￿ pdwfkhg zlwk djhqwv ri wkh vdph w|sh/ ￿￿￿ Ekc/￿ kdv phdvxuh ￿2
o +doprvw
vxuho|,1 Dffruglqj wr S5/ >6 E/ *￿5 ￿￿￿ Ekc/￿￿ ’ ￿ EjE￿￿ 5 U￿ Ek￿￿ ’ ￿￿￿ Lq wklv
fdvh/ zh zrxog kdyh f￿ E/￿’r￿ dqg/ gxh wr wkh fruuhodwlrq ehwzhhq wkh udqgrp
yduldeohv f￿/l wl vh d v |w rv h hw k d w￿￿￿ Ekc/￿ ￿ . iroorzv lq wklv fdvh +e| gh￿qlwlrq
ri .￿￿ Khqfh/ ￿ EjE￿￿ 5 .￿ ￿ ￿ EjE￿￿ 5 U￿ Ek￿￿ ’ ￿￿1E x w >E.￿’2 ￿ 2
￿ ￿￿ ￿/d
frqwudglfwlrq zlwk S71
Qhyhuwkhohvv/ xqliruplw| surshuwlhv duh qrw frpsohwho| krshohvv1 Lw lv qrw kdug
wr suryh wkdw wklv gl!fxow| dulvhv rqo| zkhq frqvlghulqj djhqwv dqg vhwv ri djhqwv
ri wkh vdph w|sh/ l1h1￿ 5 Uo Ek￿ dqg . ￿ Uo Ek￿￿ Iru wkh udqgrp pdwfklqj vfkhph
frqvwuxfwhg lq Wkhruhp 7/ wkh iroorzlqj/ zhdnhu surshuw| krogv=4;
+S7*, +Uhvwulfwhg Sursruwlrqdo Odz,= ; ￿ 5 Uo Ek￿c ; . 5 E * . _ Uo Ek￿’
>c￿ EjE￿￿ 5 .￿’>E.￿1
Wklv lv gxh wr wkh idfw wkdw wkh udqgrpl}dwlrq /o ri djhqw ￿ dqg wkrvh ri wkh
djhqwv lq wkh vhw . duh wkhq lqghshqghqw1
Dqrwkhu/ pruh edvlf surshuw| zrxog eh wr uhtxluh wkh udqgrp pdwfklqj vfkhph wr
suhvhuyh vrph vruw ri dqrq|plw|1 Wklv zrxog phdq wkdw/ jlyhq dq| djhqw ￿/ dqg jlyhq
wzr rwkhu djhqwv ￿c&/ wkh suredelolw| zlwk zklfk djhqw ￿ lv pdwfkhg zlwk djhqw ￿ lv
htxdo wr wkh suredelolw| zlwk zklfk djhqw ￿ lv pdwfkhg zlwk djhqw &1 Er|odq +4<<5,
vkrzv wkdw wklv surshuw| fdq qhyhu eh vdwlv￿hg lq d frxqwdeo| lq￿qlwh srsxodwlrq/
dqg wkxv lw fdq eh dujxhg wkdw qr udqgrp pdwfklqj vfkhph fdq eh dqrq|prxv li
wkh srsxodwlrq lv frxqwdeo| lq￿qlwh1 Li wkh srsxodwlrq lv d frqwlqxxp/ wkrxjk/ wklv
surshuw| fdq dovr eh ixo￿oohg/ wkdqnv wr wkh lghd ri ghqvlw|1 Pruh frqfuhwho|/ wkh
suredelolw| zlwk zklfk d jlyhq djhqw lv pdwfkhg zlwk dq| rwkhu rqh fdq eh dvvxphg
wr eh }hur1
+S9, +Dqrq|plw|,= ; ￿ 5 Efc￿oc ; ￿ 5 Efc￿oqi￿jc￿ EjE￿￿’￿￿’f 1
Li wzr djhqwv ￿c￿duh ri gl￿huhqw w|shv rocr ￿/ wklv surshuw| krogv lq wkh frqvwuxfwlrq
ri Wkhruhp 7 ehfdxvh wkh udqgrp yduldeohv zklfk ghwhuplqh wkh pdwfklqj ri ￿ dqg
￿ +l1h1/o dqg /￿, duh lqghshqghqw1 Lq wkh qrwdwlrq ri wkh suhylrxv wkhruhp/ ￿ dqg
￿ fdq eh wkrxjkw ri dv lqghshqghqwo| xqlirupo| glvwulexwhg rq Efc￿o￿￿o/ dqg wkxv/
jlyhq )o￿/ wkh suredelolw| wkdw )o￿E￿￿’￿ lv }hur1
Exw/ wdnlqj djdlq djhqwv ri wkh vdph w|sh/ wkh udqgrp pdwfklqj vfkhph frq0
vwuxfwhg lq Wkhruhp 7 grhv qrw vdwlvi| S91 Wr vhh lw/ dqg uho|lqj djdlq rq wkh
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1 Vr/ wkhvh odvw wzr djhqwv
kdyh vwulfwo| srvlwlyh suredelolw| ri ehlqj pdwfkhg zlwk djhqw ￿1
Wklv sureohp lv h{foxvlyho| gxh wr wkh duelwudu| fkrlfh ri ￿
2 d vdi r f d os r l q wl qw k h
gh￿qlwlrq ri ￿￿1 Wr jhw ulg ri lw/ zh fdq frqvwuxfw dqrwkhu udqgrp pdwfklqj vfkhph
dorqj wkh iroorzlqj olqhv1 Surfhhg dv lq Wkhruhp 7/ dqg dgg rqh qhz udqgrp yduldeoh
xqlirupo| glvwulexwhg lq wkh rshq lqwhuydo Efc￿￿ dqg lqghshqghqw iurp /1 Ghqrwh lwv
uhdol}dwlrqv e| /6n￿1 Zkhq wkh pdwfklqj uhvwulfwhg wr wkh vhwv ￿ooEkc/￿ kdyh wr eh













vxfk wkdw ￿o E/6n￿￿E%￿’% n /6n￿￿2
o li wklv txdqwlw| lv ohvv wkdq ru htxdo wr ￿2
o /
dqg ￿o E/6n￿￿E%￿’% nE /6n￿ ￿ ￿￿￿ 2
o rwkhuzlvh1 Wklv zd|/ wkh irfdo srlqw
￿
2 lv4<
vxevwlwxwhg e| rqh uhdol}dwlrq /6n￿ ri d udqgrp yduldeoh lqghshqghqw ri /o/ dgglqj
rqh ixuwkhu udqgrpl}dwlrq zklfk hqvxuhv S9 zkhq ￿c￿ duh ri wkh vdph w|sh1 Lq
vxppdu|/ zh kdyh suryhg wkh iroorzlqj uhvxow1
Sursrvlwlrq 81 Iru dq| dvvljqphqw ri w|shv kc wkhuh h{lvwv d udqgrp pdwfklqj
vfkhph vdwlvi|lqj S4/ S5/ S6/ dqg S91
Wklv uhvxowv vkrzv dq dgydqwdjh ri wkh frqwlqxxp lghdol}dwlrq ryhu d frxqwdeo|
lq￿qlwh srsxodwlrq1
91 Uhshdwhg Pdwfklqj Vfkhphv
Gl￿huhqw prghov xvh udqgrp pdwfklqj vfkhphv iru gl￿huhqw sxusrvhv1 W|slfdoo|/
wkh udqgrp pdwfklqj rffxuv lq wkh iudphzrun ri d g|qdplfdo v|vwhp/ l1h1/ lw wdnhv
sodfh uhshdwhgo|1 Lq jhqhudo/ lw lv srvwxodwhg wkdw d frqwlqxxp ri djhqwv lv udqgrpo|
pdwfkhg hdfk shulrg dqg w|shv pd| fkdqjh dffruglqj wr wkh uhdol}hg pdwfklqjv1
Lq rughu wr dsso| Wkhruhp 7 wr d jlyhq prgho/ lw qhhgv wr eh vkrzq wkdw li
wkh dvvljqphqw ri w|shv lv jlyhq e| d phdvxudeoh ixqfwlrq/ dv dvvxphg/ d udqgrp
pdwfklqj vfkhph lv dssolhg/ dqg w|shv fkdqjh dffruglqjo|/ wkhq wkh qhz dvvljqphqw
ri w|shv zloo dovr eh phdvxudeoh +doprvw vxuho|,/ vr wkdw Wkhruhp 7 fdq eh dssolhg
djdlq1
Wkh qh{w fruroodu| looxvwudwhv wkh srlqw wkurxjk d vlpsoh vlwxdwlrq wdnhq iurp
Hyroxwlrqdu| Jdph Wkhru| +vhh h1j1Er|odq +4<<5, iru ghwdlov,1 Ohw dq xsgdwlqj uxoh
￿ G 7 ￿ 7 $ 7 eh d pdsslqj ghvfulelqj wkh hyroxwlrq ri d udqgrp pdwfklqj prgho1
Wkh lqwhusuhwdwlrq ri ￿ lv dv iroorzv= Li dw wlph | dq lqglylgxdo ri w|sh ro lv pdwfkhg
zlwk dq lqglylgxdo ri w|sh r￿/w k h qd ww l p h|n￿ wkh lqglylgxdo zloo eh ri w|sh ￿ Erocr￿￿1
Lq vxppdu|/ ￿ frqwdlqv wkh ￿vwru|￿ xqghu hdfk vshfl￿f prgho1 Hdv| h{dpsohv duh
ghulyhg iurp jdphv olnh wkh zhoo0nqrzq Urfn0Vflvvruv0Sdshu ru wkh Kdzn dqg Gryh
jdph1
Fruroodu| 91 Ohw k eh d +phdvxudeoh, dvvljqphqw ri w|shv/ dqg ohw E
S
cIc￿￿ eh
d udqgrp pdwfklqj vfkhph dv frqvwuxfwhg lq Wkhruhp 71 Ohw kEjc￿￿ eh wkh qhz
dvvljqphqw ri w|shv diwhu dssolfdwlrq ri d pdwfklqj j dqg dq xsgdwlqj uxoh ￿￿ Wkhq/
￿ Ej 5
S
* kEjc￿￿ lv phdvxudeoh￿ ’￿ c l1h1/ wkh qhz dvvljqphqw lv phdvxudeoh +￿0
doprvw vxuho|,1
Surri1 Ohw k￿ ’ kEjc￿￿￿ Lq wkh qrwdwlrq ri Wkhruhp 7/ ohw j ’ jEkc/￿ 5 S
k dqg ohw ￿o￿Ekc/￿ eh wkh dvvrfldwhg vhwv1 Wkhq/ wkh qhz dvvljqphqw ri w|shv lv
ghvfulehg e|=
UoEk
￿￿’i￿ 5 Efc￿o *￿EkE￿￿ckEjE￿￿￿￿ ’ roj ’
’ ^i￿&￿Ekc/￿ *￿Er&cr ￿￿’roj53
dqg wkhvh vhwv duh reylrxvo| phdvxudeoh ehfdxvh wkh vhwv ￿&￿Ekc/￿ duh phdvxudeoh dv
vkrzq lq wkh surri ri Wkhruhp 7/ dqg wkh xqlrq lv ￿qlwh1 Vr/ k￿ lv phdvxudeoh1
H{dpsoh 51 Frqvlghu wkh iroorzlqj h{dpsoh/ wdnhq iurp Hyroxwlrqdu| Jdph Wkh0
ru|1 Djhqwv duh ri wzr w|shv/ ￿ dqg 21 Zkhq dq djhqw ri w|sh +vwudwhj|, ro sod|v







Wklv lv d yhuvlrq ri wkh Kdzn dqg Gryh jdph +vhh h1j1 ^48/ s1 5:‘ ru ^43/ s1 45‘,/
zklfk prghov wkh ￿jkw iru d vfdufh uhvrxufh1
D vlpsoh vwru| +prgho,/ suhvhqwhg khuh rqo| iru h{srvlwlrqdo sxusrvhv/ lv dv iroorzv1
Hdfk shulrg/ djhqwv duh udqgrpo| pdwfkhg lq sdluv wr sod| wkh jdph1 Li wzr w|sh ￿
djhqwv +￿kdznv￿, phhw/ wkh| ￿jkw dqg rewdlq htxdo qhjdwlyh sd|r￿v/ vr qh{w shulrg
wkh| erwk ehfrph w|sh 2 djhqwv +￿gryhv￿,1 Li djhqwv ri gl￿huhqw w|shv phhw/ w|sh ￿
rewdlqv wkh zkroh uhvrxufh dqg wkxv erwk djhqwv zloo ehfrph w|sh ￿￿ Li wzr w|sh 2
djhqwv phhw/ wkh| vkduh wkh uhvrxufh dqg wkxv wkh| zloo qrw fkdqjh wkhlu w|sh1 Dq
dowhuqdwlyh/ pruh elrorjlfdo vwru| zloo lqwhusuhw wkh sd|r￿v lq whupv ri r￿vsulqj1
Wklv vwru| jlyhv ulvh wr dq xsgdwlqj uxoh ￿ vxfk wkdw ￿ E￿c￿￿ ’ ￿E2c2￿ ’ 2 dqg
￿ E￿c2￿ ’ ￿ E2c￿￿ ’ ￿1
Vxssrvh/ iru wkh vdnh ri frqfuhwhqhvv/ wkdw wkh lqlwldo dvvljqphqw ri w|shv k dqg
wkh ￿uvw uhdol}dwlrq ri wkh udqgrp pdwfklqj vfkhph duh dv lq H{dpsoh41 Wkhuh/
zh kdg wkdw wkh vhw ri djhqwv ri w|sh ￿ pdwfkhg wr djhqwv ri wkh vdph w|sh zdv
￿￿￿ Ekc/￿’E f ￿2Dcf￿Do1 Wkxv/ doo wkhvh djhqwv +ru wkhlu r￿vsulqj, zloo ehfrph w|sh
2 dffruglqj wr ￿1 Dqdorjrxvo|/ doo djhqwv lq ￿22 Ekc/￿’E f ￿SDcf￿bo zloo uhpdlq w|sh
2/d q gd o od j h q w vl q￿￿2 Ekc/￿ ^ ￿2￿ Ekc/￿’E f cf￿2Do ^ Ef￿Dcf￿SDo ^ Ef￿bc￿o z l o oe hr i
w|sh ￿ diwhu dssolfdwlrq ri wkh pdwfklqj j dqg wkh xsgdwlqj uxoh ￿1 Lq vxppdu|/ wkh




A A A A ?
A A A A =
￿ li ￿ 5 Efcf￿2Do
2 li ￿ 5 Ef￿2Dcf￿Do
￿ li ￿ 5 Ef￿Dcf￿SDo
2 li ￿ 5 Ef￿SDcf￿bo
￿ li ￿ 5 Ef￿bc￿o
zklfk lv reylrxvo| phdvxudeoh1 Revhuyh wkdw/ lq wklv fdvh/ wkh srsxodwlrq iuhtxhqflhv
ri wkh wzr w|shv kdyh qrw fkdqjhg1 Wklv lv sduwlfxodu wr wklv h{dpsoh dqg zloo eh
h{sodlqhg odwhu154
:1 Hyroxwlrq ri Srsxodwlrq Iuhtxhqflhv
D glvfuhwh wlph g|qdplfdo prgho zloo w|slfdoo| lqyrnh udqgrp pdwfklqj vfkhphv
dq lq￿qlwh qxpehu ri wlphv/ zklfk zloo lqyroyh frqvwuxfwlqj d suredelolw| vsdfh wr
ghvfuleh wkh hyroxwlrq ri wkh srsxodwlrq1 Dowkrxjk/ lq sulqflsoh/ wkh deryh uhvxow
jxdudqwhhv wkh srvvlelolw| ri uhshdwhg udqgrp pdwfklqj iru dq| duelwudulo| odujh exw
￿qlwh qxpehu ri shulrgv/ rqh pd| uxq lqwr sureohpv zkhq h{whqglqj wkh vfkhph wr
dq lq￿qlwh qxpehu ri shulrgv1
Lq prvw ri wkh dssolfdwlrqv/ krzhyhu/ zh duh qrw lqwhuhvwhg lq wkh dfwxdo dvvljqphqw
ri w|shv lq wkh srsxodwlrq dv wlph jrhv e|/ exw rqo| lq wkh hyroxwlrq ri wkh srsxodwlrq
iuhtxhqflhv1 Lq idfw/ wklv lv wkh fodvvlfdo irupxodwlrq lq Hyroxwlrqdu| Jdph Wkhru|1
Wkxv/ wkh irfxv lq wklv vhfwlrq zloo eh wr frqvwuxfw wkh suredelolw| vsdfhv wkdw doorz
xv wr wudfh wkh hyroxwlrq ri wkh srsxodwlrq iuhtxhqflhv1
:141 Uhduudqjlqj wkh djhqwv1 Djdlq/ Ohppd 6 pd| ohdg xv wr wklqn wkdw uh0
duudqjlqj wkh djhqwv iurp dq| jlyhq glvwulexwlrq ri w|shv lqwr frqqhfwhg lqwhuydov lv
edvlfdoo| kdupohvv1 Vr/ zh frxog wklqn lq wkh iroorzlqj prgho= dw hdfk shulrg/ uhdu0
udqjh wkh djhqwv lq lqwhuydov +lq wkh whupv ri wkh surri ri Wkhruhp 7/ iurp k wr ~c
ru/ pruh lqwxlwlyho|/ wudqvirup wkh srsxodwlrq lq wkh pdunhg flufxpihuhqfh,/ vr wkdw
doo wkh djhqwv ri d jlyhq w|sh duh lq d frqqhfwhg/ kdoi0rshq lqwhuydo ri wkh dssursuldwh
phdvxuh1 Wkhq/ dsso| wr wklv qhz dvvljqphqw ri w|shv wkh udqgrp pdwfklqj vfkhph
jlyhq e| Wkhruhp 71
Irupdoo|/ jlyhq dq dvvljqphqw ri w|shv kc gh￿qh wkh ￿fdqrqlfdo￿ uhduudqjhphqw







Iru wkh iroorzlqj uhvxow/ uhfdoo wkh qrwdwlrq jEkc/￿’j/
k iru wkh pdwfklqj rewdlqhg
iurp dq dvvljqphqw ri w|shv k dqg d uhdol}dwlrq / 5 Efc￿o
6 xvlqj wkh surfhgxuh
ghvfulehg lq wkh surri ri Wkhruhp 71
Ohppd :1 Ohw \’ik G Efc￿o $ 7*U oEk￿ lv phdvxudeoh ; ro 5 7j eh wkh vhw ri doo
dvvljqphqw ri w|shv/ dqg ohw ￿ EEfc￿o￿ eh wkh vhw ri doo phdvxuh0suhvhuylqj elmhfwlrqv
iurp Efc￿o wr lwvhoi1 Wkhq/ wkhuh h{lvwv d pdsslqj [G\$ ￿ EEfc￿o￿ vxfk wkdw/
; k 5 \c~ k ￿ [Ek￿’k￿
Surri1 Jlyhq k 5 \c dqg iru doo ro 5 7c xvh ohppd 6 wr frqvwuxfw d phdvxuh0







[Ek￿GE f c￿o $ Efc￿o e| [Ek￿E￿￿’[ oEk￿E￿￿ l￿ ￿ 5 UoEk￿￿ Reylrxvo|/ [Ek￿ lv d
phdvxuh0suhvhuylqj elmhfwlrq dqg/ iru doo ￿ 5 Efc￿oc ~k E[Ek￿E ￿￿￿ ’ kE￿￿￿
Ohppd : jlyhv xv d vshfl￿f zd| wr vlpxowdqhrxvo| uhduudqjh doo wkh djhqwv ri wkh
srsxodwlrq lq vxfk d zd| wkdw doo wkh djhqwv ri d jlyhq w|sh duh sxw wrjhwkhu lqwr d
kdoi0rshq lqwhuydo ri wkh vdph phdvxuh1 Ri frxuvh/ wklv uhduudqjhphqw lv duelwudu|/55
exw/ dv lw lv grqh zlwk phdvxuh0suhvhuylqj elmhfwlrqv/ lw fdq eh xvhg edfn dqg iruwk1
Iru h{dpsoh/ jlyhq dq dvvljqphqw ri w|shv kc wkh iroorzlqj wzr frqvwuxfwlrqv duh
htxlydohqw iru doo sxusrvhv= d, uh0duudqjh wkh djhqwv wkurxjk [Ek￿ dqg xvh Wkhruhp
7 wr vhohfw d pdwfklqj jE~kc/￿> dqg e, xvh Wkhruhp 7 wr vhohfw d pdwfklqj jE~kc/￿c
dqg dsso| wr wkh srsxodwlrq wkh pdwfklqj j￿ ’ [Ek￿3￿ ￿ jE~kc/￿ ￿ [Ek￿￿ Wkdw lv/
Ohppd : fdq eh dssolhg wr wudqvirup wkh pdwfklqjv iru ~k lqwr pdwfklqjv iru k/v r
wkdw zh fdq zrun ￿dv li￿ wkh srsxodwlrq frxog eh iuhho| uh0duudqjhg1
Dq dvvljqphqw ri w|shv ri wkh irup ~k fdq eh vxppdul}hg e| wkh yhfwru ri iuh0
txhqflhv sk ’ E>EU￿Ek￿￿￿
6
￿’￿/ zklfk lv dq hohphqw ri wkh vlpsoh{ {61 Frqyhuvho|/
jlyhq d yhfwru ri iuhtxhqflhv s/ lw lv hdv| wr gh￿qh dq dvvljqphqw ri w|shv ~s e|






￿ Iru qrwdwlrqdo frqyhqlhqfh/ ghqrwh 8 Ek￿’sk/
dqg ~Es￿’~s￿ Reylrxvo|/ ~k ’ ~E8Ek￿￿￿
:151 Wkh wudmhfwrulhv1 Wkh wudmhfwrulhv ri d v|vwhp uho|lqj lq lq￿qlwho| uhshdwhg




/w k d wl v /
iru hdfk shulrg |/ wkh wudmhfwru| vkrxog vshfli| erwk wkh dvvljqphqw ri w|shv lq wkh
srsxodwlrq dqg wkh pdwfklqj dffruglqj wr zklfk wkh djhqwv duh sdluhg1 Lq sudfwlfh/
dqg lq ylhz ri wkh deryh glvfxvvlrq/ lw lv ehwwhu wr frqvlghu wudmhfwrulhv dv hohphqwv ri
wkh vsdfh E{6 ￿ Efc￿o
6￿
Q/ wkdw lv/ iru hdfk shulrg |/ wkh wudmhfwru| zrxog vshfli| erwk
wkh srsxodwlrq iuhtxhqflhv dv dq hohphqw ri wkh vlpsoh{ {6 dqg wkh uhdol}dwlrq ri 6
l1l1g1xqlirup udqgrp yduldeohv rq wkh lqwhuydo Efc￿o/ zklfk zloo xqltxho| ghwhuplqh
wkh pdwfklqj1
Wkxv/ ohw . ’{ 6 ￿ Efc￿o
6 eh wkh vwdwh vsdfh ri rxu surfhvv1 Ohw djdlq E6 eh
wkh Eruho j0dojheud rq Efc￿o
6/ dqg ohw G eh wkh Eruho j0dojheud rq wkh vlpsoh{ {6￿
Frqvwuxfw wkh surgxfw j0dojheud H ’ G ￿ E61
:161 Frqvwuxfwlrq ri wkh Suredelolw| Vsdfh1 Jlyhq dq xsgdwlqj uxoh ￿ G 7 ￿
7 $ 7/o h w| G 7Efc￿o ￿
S




Jlyhq dq dvvljqphqw ri w|shv k dqg d pdwfklqj j/ wklv pdsslqj xvhv wkh xsgdwlqj
uxoh ￿ wr rewdlq wkh qhz dvvljqphqw ri w|shv/ |Ekcj￿￿ Wkdw lv/ wkh pdsslqj | lv wkh
olqn zklfk sxwv wrjhwkhu d vshfl￿f prgho vxppdul}hg e| dq xsgdwlqj uxoh ￿ dqg d
udqgrp pdwfklqj vshfl￿fdwlrq wr fuhdwh d g|qdplfdo v|vwhp1
Lq rughu wr gh￿qh d wuxh suredelolw| vsdfh rq wudmhfwrulhv/ rqh qhhgv wr gh￿qh
d wudqvlwlrq suredelolw|1 Zh zloo gr lw xvlqj wkh ￿dv li￿ dssurdfk ghvfulehg deryh/
uho|lqj lpsolflwo| rq Ohppd : wr zrun dv li wkh srsxodwlrq zhuh frqvwdqwo| uh0duudqjhg
lq frqqhfwhg/ kdoi0rshq lqwhuydov rq wkh edvlv ri w|shv1 Wklv doorzv xv wr nhhs wudfn
rqo| ri srsxodwlrq iuhtxhqflhv156
Ohw ’ G . ￿ H $ dfc￿o eh vxfk wkdw iru doo Esc/￿ 5 . dqg doo E￿c￿￿ 5 Hc
’EEsc/￿cE￿c￿￿￿ ’ ￿￿ E8 E|E~Es￿cjE~Es￿c/￿￿￿￿>
6E￿￿
’EEsc/￿cEs￿c/￿￿￿ lv wkh suredelolw| wkdw li dw wlph | wkh srsxodwlrq iuhtxhqflhv
duh s dqg lqglylgxdov duh pdwfkhg dffruglqj wr wkh pdwfklqj rewdlqhg iurp //w k h q
dw wlph |n￿ wkh srsxodwlrq iuhtxhqflhv duh s￿ dqg lqglylgxdov duh pdwfkhg dffruglqj
wr wkh pdwfklqj rewdlqhg iurp /￿1
Ohppd ;1 Wkh ixqfwlrq ’ lv d wudqvlwlrq suredelolw|1
Surri1 ’ zloo eh d wudqvlwlrq suredelolw| li iru hdfk ￿ 5 Hc ’E￿c￿￿ lv phdvxu0
deoh/ dqg iru hdfk Esc/￿ 5 .c’ EEsc/￿c￿￿ lv d suredelolw| phdvxuh1
Wkh vhfrqg sduw lv reylrxv/ vlqfh erwk >6 dqg ￿Eu￿ E8 E|E~Es￿cjE~Es￿c/￿￿￿￿ duh
suredelolw| phdvxuhv1
Wr vhh wkh ￿uvw/ ￿{ ￿ ’ E￿c￿￿ 5 H￿ Qrwh wkdw >6E￿￿ lv d frqvwdqw/ dqg wkdw ￿￿
lv d phdvxudeoh ixqfwlrq1 Gh￿qh A G {6 ￿ Efc￿o
6 $ {6 e|
AEsc/￿’8 E|E~Es￿cjE~Es￿c/￿￿
Lw zrxog vx!fh wr vkrz wkdw A lv phdvxudeoh1
Ohw ( 5 G￿ Wkhq/
A
3￿E(￿’iEsc/￿ 5 .*8E|E~Es￿cjE~Es￿c/￿￿ 5 (j
Exw/ e| frqvwuxfwlrq/ jlyhq dq| // wkh qxpehu ri pdwfkhv ehwzhhq djhqwv ri w|shv
ro dqg r￿ lv dozd|v sos￿cvr li zh ghqrwh 6oEs￿’
S








Vlqfh ￿ lv ￿{hg/ lv reylrxv wkdw wkh ixqfwlrq 6 G {6 $ {6 lv phdvxudeoh/ vr A
lv dovr phdvxudeoh dqg wkxv ’E￿c￿￿ lv phdvxudeoh1









Wkhruhp <1 Jlyhq dq lqlwldo frqglwlrq Esfc/f￿c wkhuh h{lvwv d g|qdplfdo v|vwhp rq
iuhtxhqflhv zlwk udqgrp pdwfklqj vxfk wkdw/ dw hdfk shulrg |/ wkh udqgrp pdwfklqj
vfkhph vdwlv￿hv S4/ S5 dqg S6 +doprvw vxuho|,1 Lq sduwlfxodu/ wkh qxpehu ri pdwfk0
lqjv ehwzhhq lqglylgxdov ri w|shv ro dqg r￿ lv soE|￿s￿E|￿ ; rocr ￿ 5 7 +doprvw vxuho|,/
dqg wkxv wkh v|vwhp fdq eh ghvfulehg e| wkh +ghwhuplqlvwlf, v|vwhp ri htxdwlrqv
soE| n￿ ￿’
[
is&E|￿s￿E|￿ *r &cr ￿ 5 7 a ￿ Er&cr ￿￿’roj57
Surri1 Lq ylhz ri Ohppd ;/ wkh suredelolw| vsdfh rq wudmhfwrulhv fdq eh frq0
vwuxfwhg dsso|lqj wkh Lrqhvfx0Wxofhd wkhruhp +vhh h1j1^45/ Sursrvlwlrq Y1414‘ ru ^4/




























Wkh uhvw iroorzv iurp wkh deryh glvfxvvlrq1
Iru dq| phdvxudeoh k G Efc￿o $ 7c Ohppd : doorzv xv wr vshfli| d phdvxuh0





￿ Wdnlqj wklv vshfl￿fdwlrq ri phdvxuh0suhvhuylqj el0






Vwduw zlwk d jlyhq dvvljqphqw ri w|shv kf￿ Wdnh sf ’ 8Ekf￿ dqg dq| /f 5 Efc￿o
6
dv lqlwldo frqglwlrq iru wkh deryh uhvxow1 Jlyhq d wudmhfwru| ri wkh deryh v|vwhp/ wkdw
lv/ d uhdol}dwlrq EsE|￿c/E|￿￿
"
|’f 5 E{6 ￿ Efc￿o
6￿
Q/ lw lv srvvleoh wr xqltxho| rewdlq d







kEf￿ ’ kf ( jEf￿ ’ [Ekf￿
3￿ ￿jE~Esf￿c/f￿ ￿ [Ekf￿
kE￿￿ ’ |EkfcjEf￿￿ ( jE ￿ ￿’[ E kE￿￿￿
3￿ ￿ jE~EsE￿￿￿c/E￿￿￿ ￿ [EkE￿￿￿
￿￿￿
kE| n￿ ￿ ’ |EkE|￿cjE|￿￿ ( jE| n￿ ￿’[ E kE|￿￿
3￿ ￿ jE~EsE|￿￿c/￿￿ ￿ [EkE￿￿￿
Pruhryhu/ lw lv fohdu wkdw iru doo |cs E|￿’8EkE|￿￿1












Fruroodu| 431 Jlyhq dq lqlwldo frqglwlrq/ wkhuh h{lvwv d suredelolw| vsdfh gh￿qhg rq ￿
7Efc￿o ￿
S￿Q vdwlvi|lqj wkh surshuwlhv hqxphudwhg lq Wkhruhp <1
Surri1 Dsso| Wkhruhp < dqg wdnh wkh j0dojheud jhqhudwhg e| K3￿ ￿Q
?MQ H
￿
dqg wkh suredelolw| phdvxuh ￿ ￿ K￿
Wklv fruroodu| jlyhv dq dfwxdo frqvwuxfwlrq ri d suredelolw| vsdfh zklfk fdq eh
xvhg wr irupdol}h d zlgh udqjh ri prghov lq vxfk d zd| wkdw=58
41 Dw hdfk prphqw lq wlph/ wkh srsxodwlrq lv pdwfkhg dffruglqj wr d wuxh udqgrp
pdwfklqj vfkhph/ wkdw lv/ wkhuh lv xqfhuwdlqw| rq wkh lqglylgxdo ohyho1
51 Wkh dfwxdo hyroxwlrq ri wkh srsxodwlrq jlyhv ulvh wr d vwrfkdvwlf v|vwhp1
61 Wkh hyroxwlrq ri wkh srsxodwlrq iuhtxhqflhv wkdw wklv v|vwhp lqgxfhv fdq eh
ghvfulehg wkurxjk d v|vwhp ri ghwhuplqlvwlf htxdwlrqv/ wkdw lv/ wkhuh lv qr xq0
fhuwdlqw| rq wkh djjuhjdwh ohyho1
Ri frxuvh/ surshuw| S9 frxog dovr eh jxdudqwhhg edvlqj wkh frqvwuxfwlrq rq Sursr0
vlwlrq 8 lqvwhdg ri rq Wkhruhp 71
H{dpsoh 61 O h wx vf r q w lqxh wkh wkuhdg ri H{dpsohv 4 dqg 51 Li lqglylgxdov ri wzr
gl￿huhqw w|shv/ ri iuhtxhqflhv s￿ E|￿ dqg s2 E|￿ duh uhshdwhgo| udqgrpo| pdwfkhg dqg
w|shv fkdqjh dffruglqj wr wkh xsgdwlqj uxoh srvwxodwhg lq H{dpsoh 5/ wkhq Wkhruhp
< vwdwhv wkdw wkh hyroxwlrq ri s￿ E|￿ dqg s2 E|￿ fdq eh ghvfulehg wkurxjk wkh iroorzlqj
ghwhuplqlvwlf v|vwhp=
s￿E| n￿ ￿ ’
[
is&E|￿s￿E|￿ *r &cr ￿ 5 7 a ￿ Er&cr ￿￿’￿ j ’
’ s￿ E|￿s2 E|￿ns2 E|￿s￿ E|￿’2 s￿ E|￿s2 E|￿
s2E| n￿ ￿ ’ ￿￿￿ ’ s￿ E|￿








lv d ￿{hg srlqw ri wklv v|vwhp/ zklfk h{sodlqv zk| lq wkh suhylrxv
h{dpsohv/ vwduwlqj zlwk wkhvh srsxodwlrq iuhtxhqflhv zh rewdlq wkh vdph djdlq1
H{dpsoh 71 Frqvlghu wkh Urfn0Vflvvruv0Sdshu v|pphwulf jdph1 Wkhuh duh wkuhh





zlwk wkh lqwhusuhwdwlrq wkdw @o￿ lv wkh qxpehu ri r￿vsulqj ri w|sh ro wkdw dq djhqw ri
wklv w|sh surgxfhv zkhq pdwfkhg zlwk dqrwkhu djhqw ri w|sh r￿1 Wklv vwru| +zklfk fdq
eh irxqg lq Er|odq +4<<5,, lv fdswxuhg e| dq xsgdwlqj uxoh vxfk wkdw ￿Erocr ￿￿’ro
li @o￿ 9’ f dqg ￿Erocr￿￿ ’ r￿ rwkhuzlvh1 Wkhruhp < vwdwhv wkdw/ zkhq d frqwlqxxp
ri djhqwv lv uhshdwhgo| udqgrpo| pdwfkhg wr sod| wklv jdph dqg w|shv duh xsgdwhg
dffruglqj wr wklv prgho/ wkhq wkh hyroxwlrq ri wkh srsxodwlrq iuhtxhqflhv s-cs7cs ￿
lv ghvfulehg +doprvw vxuho|, e| wkh htxdwlrqv
s- E| n￿ ￿ ’ s- E|￿
2 n2 s- E|￿s7 E|￿
s7 E| n￿ ￿ ’ s7 E|￿
2 n2 s7 E|￿s￿ E|￿
s￿ E| n￿ ￿ ’ s￿ E|￿
2 n2 s￿ E|￿s- E|￿59
zklfk/ lq wklv fdvh/ frlqflgh zlwk wkh zhoo0nqrzq Uhsolfdwru G|qdplfv +lq glvfuhwh
wlph, iru wkh deryh sd|r￿ pdwul{1
;1 Glvfxvvlrq
Pdq| prghov ri udqgrp pdwfklqj srvwxodwh d frqwlqxxp ri djhqwv dqg lqirupdoo|
lqyrnh d Odz ri Odujh Qxpehuv wr mxvwli| wkdw=
41 Wkh suredelolw| zlwk zklfk d jlyhq djhqw lv pdwfkhg zlwk djhqwv ri d jlyhq
w|sh htxdov wkh sursruwlrq ri djhqwv ri wkdw w|sh lq wkh srsxodwlrq1
51 Wkh sursruwlrq ri pdwfkhv ehwzhhq djhqwv ri wzr jlyhq w|shv lv htxdo wr wkh
￿h{shfwhg qxpehu￿ ri vxfk pdwfkhv zkhq doo pdwfkhv duh htxdoo| olnho|1
Qhyhuwkhohvv/ wkh lqyrnhg Odz ri Odujh Qxpehuv pd| qrw krog/ dqg/ lq idfw/ lw
frxog eh kdug mxvw wr irupdoo| vwdwh wkh deryh dvvxpswlrqv1
Wklv sdshu surylghv d irxqgdwlrq iru vxfk prghov/ frqvwuxfwlqj udqgrp pdwfklqj
vfkhphv zklfk yhuli| wkh ghvluhg surshuwlhv1 Krzhyhu/ lw lv dovr vkrzq wkdw wklv lv
srvvleoh rqo| li wkh udqgrp pdwfklqj vfkhphv ghshqg rq wkh dvvljqphqw ri w|shv1
Lw vkrxog eh qrwhg wkdw wkh udqgrp pdwfklqj vfkhphv frqvwuxfwhg lq Wkhruhp 7
gr qrw vdwlvi| ￿ixoo lqghshqghqfh￿ ri wkh w|shv ri wkh sduwqhuv iru wzr jlyhq lqglylgxdov
ri wkh vdph w|sh1 Krzhyhu/ rqh frxog hdvlo| dujxh wkdw wklv lv luuhohydqw/ ehfdxvh wkh
yhu| frqfhsw ri pdwfklqj ghvwur|v wkh prvw edvlf lqghshqghqfh dvsludwlrqv1 Diwhu
doo/ li djhqw ￿ lv pdwfkhg zlwk djhqw ￿/ wkhq djhqw ￿ kdv wr eh pdwfkhg zlwk djhqw ￿1
Zkhq wkh Odz ri Odujh Qxpehuv lv lqyrnhg/ wkh sxusrvh lv wr dssur{lpdwh wkh
yhu| frpsoh{ vwrfkdvwlf v|vwhp wr zklfk udqgrp pdwfklqj jlyhv ulvh e| d ghwhuplq0
lvwlf v|vwhp1 Wkhruhp < grhv suhflvho| wkdw/ irfxvlqj rq wkh hyroxwlrq ri srsxodwlrq
iuhtxhqflhv/ dqg wkxv fuhdwhv wkh olqn ehwzhhq wkh udqgrp pdwfklqj ￿vwru|￿ ri fhuwdlq
g|qdplfdo v|vwhpv dqg wkhlu ghwhuplqlvwlf irupxodwlrq1
Wklv sdshu vkrxog qrw eh ylhzhg dv d mxvwl￿fdwlrq iru wkh lqirupdo xvh ri d Odz
ri Odujh Qxpehuv lq udqgrp pdwfklqj ri d frqwlqxxp ri djhqwv/ exw udwkhu dv d
zduqlqj fdoo1 Lq wklv ￿hog/ ￿lqwxlwlyho| reylrxv￿ dvvxpswlrqv pd| eh idovh1 Dqg/ hyhq
li wkhvh dvvxpswlrqv fdq eh hvwdeolvkhg iru vshfl￿f frqvwuxfwlrqv/ lw frxog wdnh d idlu
dprxqw ri zrun wr dfwxdoo| frqvwuxfw wkh surfhvvhv wkdw duh xvxdoo| ohiw xqvshfl￿hg1
Lq idfw/ wkhuh duh wzr srvvleoh gl￿huhqw lqwhusuhwdwlrqv ri wkh uhvxowv lq wklv sdshu1
Wkh ￿uvw lqwhusuhwdwlrq irfxvhv rq wkh lpsrvvlelolw| uhvxowv/ dqg yhu| vshfldoo| rq
wkh lpsrvvlelolw| wr frqvwuxfw udqgrp pdwfklqj vfkhphv lqghshqghqwo| ri wkh dvvljq0
phqw ri w|shv1 Lq ￿qlwh srsxodwlrq prghov/ udqgrp pdwfklqj zrunv lq d vwudljkw0
iruzdug zd|1 Wkh idfw wkdw lq lq￿qlwh srsxodwlrq prghov lw lv qhfhvvdu| wr dfwxdoo|5:
ghvljq wkh udqgrp pdwfklqj vfkhph/ dqg wkdw wkh surshuwlhv ri wkh v|vwhp pd| gh0
shqg rq wkh vshfl￿f vfkhph/ pd| ohdg xv wr frqfoxgh wkdw lq￿qlwh srsxodwlrq prghov
+zkhwkhu frxqwdeoh ru qrw, duh qrw wkh dssursuldwh zd| wr wklqn derxw odujh srsxod0
wlrqv/ ehfdxvh wkh| fdqqrw eh wkh ￿olplw￿ ri ￿qlwh srsxodwlrq prghov1 Ri frxuvh/ wklv
lqwhusuhwdwlrq idyruv wkh dqdo|vlv ri odujh srsxodwlrq prghov wkurxjk olplw wkhruhpv1
Qhyhuwkhohvv/ lw lv dujxdeoh zkhwkhu wkh gl!fxowlhv glvdsshdu lq wklv dssurdfk ru duh
phuho| revfxuhg e| wkh idfw wkdw wkh ￿olplw prgho￿ pd| qrw h{lvw1
Wkh vhfrqg lqwhusuhwdwlrq irfxvhv rq wkh srvvlelolw| uhvxowv= wkh prghov zklfk xvh
udqgrp pdwfklqj ri d frqwlqxxp ri djhqwv duh srvvleoh/ dqg wkxv lw lv whfkqlfdoo|
mxvwl￿hg wr zrun zlwk wkhp1 Vr/ li wkh frqwlqxxp lv frqvlghuhg dv d frqyhqlhqw
lghdol}dwlrq ri wkh lghd ri d odujh srsxodwlrq/ wkhuh fdq eh qr remhfwlrqv wr wkh xvh
ri udqgrp pdwfklqj/ dqg wkh xqghuo|lqj whfkqlfdo sureohpv zloo qrw revfxuh wkh
frqfhswxdo dqdo|vlv1
<1 H{whqvlrqv
Udqgrp pdwfklqj prghov duh txlwh iuhtxhqw lq wkh hfrqrplf olwhudwxuh1 Wkxv/ pdq|
ri wkhp ghsduw iurp wkh edvlf iudphzrun frqvlghuhg khuh1 Qhyhuwkhohvv/ lw vkrxog
eh fohdu wkdw wkh udqgrp pdwfklqj vfkhphv frqvwuxfwhg lq wklv zrun fdq eh xvhg dv
exloglqj eorfnv iru pruh frpsoh{ prghov1 Ohw xv hqxphudwh vrph h{whqvlrqv1
41 Pxowlsrsxodwlrq prghov1 Vrphwlphv/ djhqwv iurp gl￿huhqw srsxodwlrqv duh
udqgrpo| pdwfkhg/ h1j1wr sod| dv|pphwulf jdphv +vhh Zhlexoo +4<<8,/ Fkdswhu
8, ru lq ex|huv0vhoohuv prghov +vhh Shwhuv +4<<4/4<<:,,1 Dfwxdoo|/ wklv fdvh lv
hdvlhu wkdq wkh rqh0srsxodwlrq iudphzrun1 Iru lqvwdqfh/ lq d wzr0srsxodwlrqv
prgho wkh udqgrp pdwfklqj vfkhph zloo zrun dv iroorzv= dsso| wkh ￿urxohwwh
phwkrg￿ wr hdfk srsxodwlrq/ exw wkhq sodfh wkh uhvxowlqj vhwv ryhu wkh ￿pdunhg
flufxpihuhqfh￿ fruuhvsrqglqj wr wkh rwkhu srsxodwlrq1 Wkhq/ zh kdyh wkh fruuh0
vsrqglqj vhwv ￿o￿ Ekcq￿ zkhuh kcq duh wkh dvvljqphqwv ri w|shv lq srsxodwlrqv
￿ dqg 2 uhvshfwlyho|/ ro lv dq| w|sh lq srsxodwlrq ￿/ dqg r￿ lv dq| w|sh lq
srsxodwlrq 21 Wkh vlwxdwlrq lv qrz hdvlhu ehfdxvh wkhuh duh qr vhwv ￿oo Ekcq￿
kdylqj wr eh pdwfkhg dprqj wkhpvhoyhv1 Lq idfw/ wklv zloo doorz xv wr vkrz
wkdw surshuw| S7 dovr krogv zlwkrxw ixuwkhu prgl￿fdwlrqv1
51 Vwrfkdvwlf xsgdwlqj uxohv1D pruh jhqhudo prgho zrxog doorz iru vwrfkdvwlf
odzv ri prwlrq/ fdswxulqj h1j1vwdwhphqwv derxw wkh suredelolw| wkdw dq djhqw
ehfrphv +ru surgxfhv r￿vsulqj, ri d fhuwdlq w|sh/ jlyhq wkh dfwxdo rxwfrph
ri wkh jdph kh kdv sod|hg1 D vlplodu lqwhusuhwdwlrq xqghuolhv wkh Uhsolfdwru
G|qdplfv= ￿lqglylgxdov uhsurgxfh wkhlu nlqg dvh{xdoo|/ lq qxpehuv sursruwlrqdo
wr wkhlu ￿wqhvvhv￿ +Pd|qdug Vplwk +4<;5,/ s1 45,1 Wklv frxog eh uh hfwhg e| d5;
vwrfkdvwlf xsgdwlqj uxoh/ l1h1 d phdvxudeoh ixqfwlrq ￿ G 7 ￿ 7 ￿ Efc￿o $ 71R i
frxuvh/ li zh uhtxluh wkdw hdfk djhqw kdv dq l1l1g1 udqgrp yduldeoh/ zh zloo idfh
djdlq wkh sureohp ri wkh lqh{lvwhqfh ri d Odz ri Odujh Qxpehuv iru d frqwlqxxp
ri udqgrp yduldeohv1 Exw lw lv srvvleoh wr fdswxuh wkhvh lghdv lqfrusrudwlqj lqwr
wkh udqgrp pdwfklqj vfkhph vshfl￿f vsolwwlqjv ri wkh vhwv ￿o￿ Ekc/￿ uh hfwlqj
wkh dssursuldwh sursruwlrqv1 H1j1/ li wkh prgho fdoov iru d suredelolw| ￿
2 ri
ehfrplqj w|sh 2 zkhq dq djhqw ri w|sh ￿ phhwv dqrwkhu djhqw ri w|sh 2/w k h q
wkh udqgrp pdwfklqj vfkhph zrxog kdyh wr vshfli| d phdvxudeoh vsolwwlqj ri
wkh vhw ￿￿2 Ekc/￿ lq wzr vxevhwv ri wkh vdph phdvxuh1
61 Lglrv|qfudwlf hqylurqphqw1 Kduulqjwrq +4<<:, ghvfulehv d prgho zkhuh hdfk
sdlu ri udqgrpo| pdwfkhg lqglylgxdov revhuyh d gl￿huhqw uhdol}dwlrq ri d udqgrp
yduldeoh uhsuhvhqwlqj d fkdqjlqj hqylurqphqw1 Ri frxuvh/ wklv djdlq kdv wkh
sureohp ri jhqhudwlqj d frqwlqxxp ri udqgrp yduldeohv wr zklfk qr Odz ri
Odujh Qxpehuv dssolhv1 Djdlq/ wklv sureohp frxog eh dyrlghg li wkh udqgrp
pdwfklqj vfkhph vshfl￿hv wkh dssursuldwh vsolwwlqjv ri wkh vhwv ￿o￿ Ekc/￿1
431 Dsshqgl{ Rqh= Surri ri Ohppd 6
Ohppd 81 Ohw .￿c. 2 5 E *> E.￿￿’>E.2￿ : f￿ Wkhq/ < ) G .￿ $ .2 elmhfwlyh
dqg phdvxudeoh zlwk phdvxudeoh lqyhuvh dqg vxfk wkdw ; ￿ 5 E _ .2c> E)3￿E￿￿￿ ’
>E￿￿￿)lv fdoohg d phdvxuh0suhvhuylqj elmhfwlrq1
Surri1 Lw vx!fhv wr vkrz wkdw/ jlyhq dq| phdvxudeoh vhw . ￿ Efc￿o zlwk
phdvxuh >E.￿’￿/ wkhuh h{lvwv d phdvxuh0suhvhuylqj elmhfwlrq ) G . $ Efc￿o￿
Vwduw zlwk wkh wudfh phdvxuh vsdfh E.cE.c>.￿ dv d vxevsdfh ri EEfc￿ocEc>￿￿
Iluvw/ qrwh wkdw/ dv wkh fduglqdolw| ri . lv wkdw ri wkh frqwlqxxp/ wkhuh h{lvwv d
Eruho lvrprusklvp s G . $ Efc￿oc l1h1/ s lv d elmhfwlyh phdvxudeoh ixqfwlrq zlwk
phdvxudeoh lqyhuvh s3￿ +Vhh h1j1^7/ Wkhruhp ;1916‘,1 Wklv gh￿qhv wkh phdvxuh vsdfh ￿
Efc￿ocEEfc￿ocD
￿
/ zkhuh D ’ >. ￿ s3￿￿ Qrwh wkdw wklv phdvxuh kdv qr dwrpv1









}E%￿ ’ ￿?u i| 5 Efc￿o *DEEfc|o￿ ￿ %j
Zh wxuq qrz wr wkh dqdo|vlv ri wkh surshuwlhv ri }￿
41 D EEfc}E%￿o￿ ’ % ; % 5 Efc￿o￿
Ohw }E%￿’|:f￿ Li %￿DEEfc|o￿/o h w?W 5 Q *|￿
￿
? : f￿ Wkhq/


















zkhuh wkh ￿uvw htxdolw| frphv iurp wkh idfw wkdw D lv qrqdwrplf/ wkh vhfrqg







vhtxhqfh ri phdvxudeoh vhwv/ dqg wkh odvw lqhtxdolw| lv lpsolhg e| wkh gh￿qlwlrq
ri lq￿pxp1 Wklv |lhogv d frqwudglfwlrq zklfk suryhv wkh fodlp1





￿ % ; ? 5 Q dqg wkxv % ’ f/ d frqwudglfwlrq1
51 } lv elmhfwlyh1
Iluvw/ wr vhh wkdw } lv lqmhfwlyh/ ohw %￿c%2 5 Efc￿o￿ Li }E%￿￿’}E%2￿c wkhq
%￿ ’ D EEfc}E%￿￿o￿ ’ D EEfc}E%2￿o￿ ’ %2
Lw uhpdlqv wr vkrz wkdw } lv vxumhfwlyh= ohw | 5 Efc￿o￿ Zh qhhg wr vkrz wkdw
< % 5 Efc￿o *} E%￿’|c l1h1/ D EEfc|o￿ ’ %￿
Ohw/ wkxv/ % ’ D EEfc|o￿￿ Wkhq/ % ’ D EEfc}E%￿o￿ ’ D EEfc|o￿ , }E%￿’|
Vr/ } lv elmhfwlyh dqg }3￿ ’ ￿ gh￿qhg e| ￿E|￿’D EEfc|o￿￿
61 } lv qrq0ghfuhdvlqj1
Ohw %￿c%2 5 Efc￿o *% ￿ ￿% 2cdqg vxssrvh wkdw }E%￿￿ ￿ }E%2￿￿ Wkhq/ Efc}E%2￿o ￿
Efc}E%￿￿o , %2 ’ D EEfc}E%2￿o￿ ￿ D EEfc}E%￿￿o￿ ’ %￿ ￿% 2/ d frqwudglfwlrq1
Vr } lv qrq0ghfuhdvlqj dqg khqfh phdvxudeoh1
71 Wkh pdsslqj ￿ ’ }3￿ lv frqwlqxrxv1
Ohw | 5 Efc￿￿G




































































zkhuh wkh wklug htxdolw| uholhv rq wkh idfw wkdw s lv elmhfwlyh1
Vr }3￿ lv frqwlqxrxv dqg khqfh phdvxudeoh19
9Wklv idfw frxog kdyh ehhq rewdlqhg gluhfwo| dsso|lqj ^7/ Sursrvlwlrq ;1618‘/ zklfk vwdwhv wkdw
d elmhfwlyh dqg phdvxudeoh pdsslqj ehwzhhq phdvxudeoh vxevhwv ri Srolvk vsdfhv kdv d phdvxudeoh
lqyhuvh163




Lw uhpdlqv wr vkrz wkdw ; ￿ 5 EEfc￿oc >.E)3￿E￿￿￿ ’ >Efc￿oE￿￿￿ Dv EEfc￿o lv d Eruho
j0dojheud/ lw lv hqrxjk wr hvwdeolvk wkh surshuw| iru wkh lqwhuydov EfcKo￿
>.E)





’ D E} EEfcKo￿￿
Exw/ jlyhq | 5 EfcKoc dv } lv qrq0ghfuhdvlqj/ }E|￿ ￿ }EK￿￿ Pruhryhu/ dv } lv elmhfwlyh/
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441 Dsshqgl{ Wzr= Wkh Odz ri Odujh Qxpehuv
PfOhqqdq dqg Vrqqhqvfkhlq +4<<4, vwdwh wkh whqwdwlyh Odz ri Odujh Qxpehuv iru
udqgrp pdwfklqj ri d frqwlqxxp ri djhqwv dv iroorzv=
+S8, >E.￿ _ jE.2￿￿ ’ >E.￿￿>E.2￿; .￿c. 2 5 E ￿￿doprvw vxuho|1
Wklv lv suhflvho| wkh dssurdfk wdnhq khuh1 Exw/ fohduo|/ wklv surshuw| lv wrr vwurqj/
vlqfh Sursrvlwlrq 4 vkrzv wkdw/ xqghu S4/ qr pdwfklqj fdq vdwlvi| lw1
D gl￿huhqw/ dssduhqwo| zhdnhu vwdwhphqw zrxog eh wkh iroorzlqj=
+S8*, ; .￿c. 2 5 E c￿Ej 5
S
*> E.￿ _ jE.2￿￿ ’ >E.￿￿>E.2￿ ￿’￿ 1
S8 uhtxluhv wkdw wkhuh lv d vhw ri pdwfklqj ri phdvxuh rqh vxfk wkdw/ iru doo Eruho
vxevhwv .￿c.2c wkh phdvxuh ri wkh djhqwv lq .￿ zkr duh pdwfkhg zlwk djhqwv lq .2
lv wkh surgxfw ri wkh phdvxuhv ri wkh wzr vhwv1 +S8*, rqo| uhtxluhv/ wkdw/ jlyhq wzr
Eruho vhwv/ wkh suredelolw| zlwk zklfk wklv surshuw| krogv iru wkhp lv rqh1 Lw frxog
eh dujxhg wkdw/ vlqfh S8 lv krshohvv/ S8* vkrxog eh xqghuvwrrg dv wkh dssursuldwh
irupxodwlrq ri d Odz ri Odujh Qxpehuv lq wklv iudphzrun1
Qhyhuwkhohvv/ qrwlfh wkdw wkh lpsruwdqw uhvxow khuh lv wkh idfw udqgrp pdwfklqj
vfkhphv kdyh wr ghshqg rq wkh dvvljqphqw ri w|shv +Fruroodu| 5,1 Wklv uhvxow uhpdlqv
xqwrxfkhg/ ehfdxvh wkh deryh glvfxvvlrq grhv qrw d￿hfw S6= qrwlfh wkdw zulwlqj grzq
S8 dqg S8* wr krog rqo| iru wkh vhwv ri djhqwv ri wkh vdph w|sh jlyh suhflvho| wkh vdph
surshuw|/ vlqfh wkh qxpehu ri vhwv lqyroyhg lv ￿qlwh1 Wkxv/ li S8* zdv rxu fkrlfh/ lw
zloo vwloo eh lpsrvvleoh wr ixo￿oo nhhslqj lqghshqghqfh iurp wkh dvvljqphqw ri w|shv1
Exw/ lq idfw/ wkh vlwxdwlrq lv hyhq pruh fohdu ehfdxvh/ ghvslwh lwv dssduhqw zhdn0
qhvv/ S8* lpsolhv S8= jlyhq S8*/ lw lv lpphgldwh wr vhh wkdw wkhuh h{lvwv d vhw ri
pdwfklqjv ri phdvxuh rqh vlpxowdqhrxvo| yhuli|lqj wkh uhtxluhg surshuw| iru doo sdluv
ri lqwhuydov ri wkh irup E@cKo zlwk @cK udwlrqdo qxpehuv +wklv lv ehfdxvh wkhuh lv d
frxqwdeoh qxpehu ri vxfk lqwhuydov,1 Exw/ wkhq/ lw lv hdv| wr frqfoxgh wkdw wklv vhw ri
pdwfklqjv yhul￿hv wkh uhtxluhg surshuw| iru dq| duelwudu| sdlu ri Eruho vhwv164
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